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Computable topological spaces

Computable topological space is a triple (X, 7, (/;)) where
e (X, T) is a topological space

e {l;i|i €N} is a base for T

@ there exist computably enumerable sets C and D such that:
Q (i,j)eC = i C;

Q@ (i,j))eD = Iinl=0

© xclinl = Jk(x el and (k, i), (k.j) € C);
Q x#y = 3ij(xel, yeland(i,j) € D).
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Computable topological spaces

We denote the finite unions of basis elements /; by
Ji= U I:.
iclj]

Here j — [j] is a function N — P(N) such that the set
{(i,j) | i € [j]} € N? is computable and there exists a computable
function ¢ : N — N such that i < ¢(j) for each i € [J].

There exist c.e. sets C, D C N? such that
e (i,j) € Cimplies J; C Jj;
e (i,j) € D implies J; N J; # 0.
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Computable and semicomputable sets

Let S be a set in a computable topological space (X, T, (/)).
@ S is computably enumerable if it is closed and

{ieN| NS #D}

is c.e.
@ S is semicomputable if it is compact and

{jeN[SCJ}

is c.e.
@ S is computable if S is semicomputable and computably enumerable.
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Local computable enumerability

@ A is computably enumerable up to B if there exists c.e. set Q C N
such that
LNA£D = ieQ

and
ieQ = LnNB#0.

@ S is computably enumerable at x if there exists a neighborhood U
of x in S such that U is computably enumerable up to S.

@ S is locally computably enumerable if S is computably enumerable
at every point x € S.
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Local computable enumerability

@ S is computably enumerable iff S is computably enumerable up to S

e If A; is computably enumerable up to B; for each i = 1,...,n, then
Ai1U---UA, is computably enumerable up to B; U---U B,,.

@ A compact set is computably enumerable iff it is locally computably
enumerable
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Computable type

General question:
Under which (topological) conditions does the implication

S semicomputable = S computable

hold for a set S in a computable topological space?

S semicomputable and = S computable J

Topological space A has computable type if the implication above holds
whenever S is homeomorphic to A.

Matea Celar and Zvonko lljazovi¢ Adjunctions and computability 9th September 2020 7/23



Local computable enumerability and computable type

The following implications are equivalent:

S semicomputable =S computable, (1)J

S semicomputable = S computably enumerable, (2)J

S semicomputable = S locally computably enumerable. (3)J

(3) motivates a more local approach to computable type — it is sufficient
to study implications of the form

S semicomputable and x € S : = Sce atx
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Theorem (lljazovi¢ and Susi¢, 2018, [4])

Let (X, T,(l;)) be a computable topological space and let S be
semicomputable set in this space and let x € S. Suppose there exists a
neighborhood of x in S which is homeomorphic to some R". Then S is c.e.
at x.

Theorem (lljazovi¢ and Susi¢, 2018, [4])

Let (X, T,(l;)) be a computable topological space and let S be a
semicomputable set in this space which is, as a subspace of (X,T), a
manifold. Then S is a computable set in (X, T, (1;)).

Matea Celar and Zvonko lljazovi¢ Adjunctions and computability 9th September 2020 9/23



Topological manifolds have computable type
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Topological manifolds have computable type
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Adjunctions of manifolds?
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Adjunction spaces

Let X and Y be topological spaces, let A be a subspace of X and let

f: A— Y be a continuous function. Let X LI Y be the disjoint union of X
and Yandletix : X - XUY and 2y : Y — X U Y be the cannonical
inclusion maps. Let ~ be an equivalence relation on X LI'Y generated by

1x(a) ~y(f(a)), Va e A
We denote the quotient space XU Y/N by X Ur Y and we call it
adjunction space obtained by adjoining X onto Y by way of f.

(In this talk, we consider only the case where f : A — Y is an embedding.)
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Proposition

Let n > 2 and let A be a closed subset of R"~* x {0} such that
(0,...,0) € A. Let Y be a locally compact topological space and let
~v:A—Y be an embedding such that v(A) is closed in Y. Suppose

(X, T,(li)) is a computable topological space and f : R" Uy Y — X is an
embedding such that f(R" U, Y) is an open subset of a semicomputable
set S. Then the set f([—1,1]" U, () is ce. up to S.
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Theorem

Let myn € N, m,n > 2. Let A be a sufficiently thin set in an m-manifold
M and let B be a sufficiently thin set in an n-manifold N. Let v: A — B
be a homeomorphism. Let S be a semicomputable set in a computable
topological space (X,T,(l;)) and let f : MUy, N — S be a
homeomorphism. Then S is computable at x for any x € f(AU, B).

Theorem

Let myn € N, m,n > 2. Let A be a sufficiently thin set in an m-manifold
M and let B be a sufficiently thin set in an n-manifold N. If v : A — B is a
homeomorphism, then the adjunction space M U, N has computable type.
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Examples
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Exceptions

Matea Celar and Zvonko lljazovié Adjunctions and computability



Further research prompts

@ Manifolds with boundaries
Theorem

If S is an n-manifold with boundary 3S in a computable topological space

(X, T,(l;)) such that S and OS are semicomputable sets, then S is
computable.

» How do we modify boundary conditions for spaces obtained by
attaching manifolds along subsets of their boundaries?

@ More general ambient spaces

» Can we have similar results for subsets of spaces which are not
necessarily effectively T7?
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