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We study the descriptive complexity of topological invariants of compact
Polish spaces. Many usual invariants are known to have non-Borel complexity
(see [Bec92, DS20] for instance), and we are interested in the expressiveness of
low-complexity invariants. We fully characterize the Π01 invariants, which are
all about connectedness, and obtain several results about Σ02 invariants. We
identify a natural Σ02 invariant, which expresses the existence of a non-trivial
mapping from the space to the n-sphere.
We are mostly interested in Σ02 invariants because they can be used to prove
that certain sets are computable as soon as they are Π01 . Miller [Mil02] proved
that if a Π01 -subset of a Euclidean space is homeomorphic to a sphere then it
is computable. Iljazovic [IS18] generalized this result to closed manifolds embedded in the Hilbert cube. We show how such results can be obtained by
observing that the set is minimal satisfying some Σ02 invariant. In particular,
the Σ02 invariant mentioned above implies the result for spheres and closed manifolds. New results in this direction can be easily obtained using this minimality
argument.
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