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We consider the language L(R̃), which is obtained from the language L of first-

order arithmetic and a unary relation symbol R̃. A formula ψ(x1, . . . , xn, R̃) in

L(R̃) is positive in R̃ or simply positive if R̃ does not appear in ψ; or it has one

of the following forms: 0 ∈ R̃, 1 ∈ R̃, xi ∈ R̃, (xi + 1) ∈ R̃, xi +xj ∈ R̃, xi ·xj ∈ R̃,

ϕ ∨ χ, ϕ & χ, ∃xn+1ϕ(x1, . . . , xn, xn+1, R̃), ∀xn+1ϕ(x1, . . . , xn, xn+1, R̃), where ϕ
and χ are positive.

Evidently a formula ψ(x, R̃) in L(R̃) induces the operation

Φψ : P(N)→ P(N) : A 7→ {y | ψ(y,A) holds}

and if ψ is positive it is easy to see that Φψ is monotone, i.e., if A ⊆ B ⊆ ω then
Φψ(A) ⊆ Φψ(B). A fixed point of ψ is a set Q ⊆ ω such that for all y ∈ ω we
have

y ∈ Q ⇐⇒ ψ(y,Q) holds,

equivalently Q is a fixed point of the associated operation Φψ. As it is well-known
a monotone operation Φ has a fixed point (see for example [3, 7C]).

The topic of fixed points in the Kripke-Platek set theory or in weak fragments
of second-order arithmetic has received attention from Gerhard Jäger, Silvia Steila
and Dieter Probst, see [2] and [1]. G. Jäger had asked if there exists a positive
arithmetical formula with no hyperarithmetical fixed points. This was answered
affirmatively by D. Probst in his Thesis.

Here we construct another such formula, which has the property that every of its
fixed points contains uniformly-recursively all hyperarithmetical (HYP) subsets of
N. To explain this we employ the following natural encoding of HYP. We denote by
{e} the e-th largest partial recursive function on N to N and we consider a recursive
injective function 〈·〉 : N2 → N.

We define by recursion the family (Iξ)ξ<ωCK1
of subsets of N as follows{

I0 = {〈0, e〉 | e ∈ N}

Iξ = {〈1, e〉 | e ∈ N & (∀k)(∃η < ξ)[{e}(k) ∈ Iη]}.

Further for a ∈
⋃
ξ<ωCK1

Iξ we define the sets

Hp(a) =

{
the singleton {e}, if a = 〈0, e〉,⋃
t

⋂
s Hp({e}(〈t, s〉)), if a = 〈1, e〉.

Every HYP subset of N is of the form Hp(a) for some a ∈ I. In fact this holds
uniformly in the codes. Then we have the following result.



Theorem 1. Consider the positive formula of L(R̃) defined by

ψ(y, R̃) ≡ (∃a, x, e)
{
y = 〈a, x〉 &

(
[a = 〈0, e〉 & x = e]

∨ [a = 〈1, e〉 & (∃t)(∀s)[〈{e}(〈t, s〉), x〉 ∈ R̃]
)}
.

Then for every fixed point Q of ψ, for all a ∈ I and all x ∈ N we have

x ∈ Hp(a) ⇐⇒ 〈a, x〉 ∈ Q.
In particular ψ has no hyperarithmetical fixed points.

The preceding result is straightforward to relativize with respect to a parame-
ter. This in turn has consequences to the non Borel uniformization of certain Borel
sets in classical descriptive set theory. Below we identify P(N) with N2.

Corollary 2. There exists a function f : N2×N2→ N2 with the following properties:

(i) each section fγ : (N2,⊆) → (N2,⊆) is monotone and therefore it has a
fixed point;

(ii) the function f is Σ˜ 0
4-measurable;

(iii) there is no Borel-measurable function u : N2 → N2 such that u(γ) is a
fixed point of fγ for all γ ∈ N2.

In particular the set

P = {(γ, α) ∈ N2× N2 | f(γ, α) = α}
is Π˜ 0

4, has non-empty sections P (γ) for all γ ∈ N2, and cannot be uni-
formized by any Borel set.

For compactness reasons no function that satisfies Corollary 2 can be recursive.
We believe that if we replace the Cantor space with the Baire space and with a
necessary modification of ⊆ to a Π0

1 relation on NN we can indeed obtain a recursive
function f as above.

Conjecture 3. There exists a Π0
1 partial ordering � on NN such that every �-

chain has a least upper bound and a function f : NN× NN→ NN with the following
properties:

(i) the function f is recursive;
(ii) each section fγ : (NN,�)→ (NN,�) is monotone and therefore it has a
fixed point;

(iii) there is no Borel-measurable function u : N2 → N2 such that u(γ) is a
fixed point of fγ for all γ ∈ N2.
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