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Abstract Computable analysis is the Turing machine based theory of computabil-
ity on the real numbers and other topological spaces. Similarly as
Eršov’s concept of numberings can be used to deal with discrete struc-
tures, Kreitz and Weihrauch’s concept of representations can be used to
handle structures of continuum cardinality. In this context the choice
of representations is very sensitively related to the underlying notion
of approximation, hence to topology. In this paper we summarize some
basic ideas of the representation based approach to computable analysis
and we introduce an abstract and purely set theoretic characterization
of this theory which can be considered as a generalization of the classical
concept of µ-recursive functions. Together with this characterization we
introduce the notion of a perfect topological structure. In particular,
these structures are effectively categorical, i.e. they characterize their
own computability theory. Important examples of perfect structures
are provided by metric spaces and additional attention is paid to their
effective subsets.
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1. Introduction to Computable Analysis
As one starting point of computable analysis one can surely consider

Turing’s famous paper [59], which begins with the words:

The “computable” numbers may be described briefly as the real numbers
whose expressions as a decimal are calculable by finite means.
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In the same paper Turing introduced his well-known machine model
in order to give a precise meaning to the words “calculable by finite
means”. He already realized that the class of computable real numbers,
although countable, is quite large and contains all well-known mathemat-
ical constants as π and e. As proved by Rice, the class of computable
real numbers even forms a real algebraically closed field [46]. Based on
Turing’s ideas, Banach and Mazur worked out a first theory of com-
putable real number functions [3]. Grzegorczyk and Rasiowa compiled a
book on lectures which have been given on this approach by Mazur [40].
The next major step was achieved independently by Grzegorczyk [24, 25]
and Lacombe [36] who defined computable real number functions in an
equivalent way as it is done today.

While the notion of a computable real number is quite stable with
respect to different representations of the real numbers (such as the
decimal representation, the binary representation, the continued frac-
tion representation and others), see Robinson [47], it was observed by
Mostowski [43] that the notion of a computable function and even the
notion of a computable sequence does very sensitively rely on the choice
of the representation. Actually, it was already Turing who noticed in
a correction [60] of his famous paper that the decimal representation is
not suitable to define computable functions and even multiplication by
3 is not computable with respect to this representation. Turing sug-
gested other representations like the interval representation to overcome
this difficulty and actually Grzegorczyk’s and Lacombe’s definitions are
based on equivalent representations.

The first systematic study of representations has been presented by
Hauck [26, 27], and following this line Kreitz and Weihrauch developed
a unified theory of representations which conclusively shows that com-
putational differences of representations are often caused by topological
reasons [32, 33, 61, 65, 34, 64]. An alternative but compatible approach
to computability on Banach spaces has been presented by Pour-El and
Richards [45] and also Ko’s theory of time complexity on the real num-
bers [30] is polynomially equivalent to Kreitz and Weihrauch’s approach.
While all the forementioned approaches are based on classical logic, there
are also several closely related lines of research which are based on dif-
ferent systems of intuitionistic logic. We only mention Bishop school
of constructive analysis [6] and Markov’s school of Russian construc-
tive analysis [35]. Aberth’s work on computable analysis [1] is based on
classical logic but closely related to the Russian approach.

A different line of research was devoted to the generalization of clas-
sical abstract characterizations of computable functions. Such general-
izations have been presented, for instance, by Moschovakis, Friedman,
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Shepherdson, Fenstad, Tucker and Zucker and Skordev [42, 22, 50, 21,
56, 52]. However, non of these approaches was designed to fit together
with computable analysis.

In the following Sections 2 to 6 we will give a brief introduction to cer-
tain aspects of the representation based approach to computable anal-
ysis. Among other topics we will discuss admissible representations,
special representations of the real numbers, the concept of a computable
metric space and several notions of effective subsets of such spaces. In
Section 7 and 8 we extend the theory to multi-valued operations which
are important since even very elementary problems of analysis can only
be solved by multi-valued computations. In Sections 9 and 10 we present
an abstract characterization of computability which is similar in spirit to
the classical characterization by µ–recursive functions. Combined with
this characterization we develop a theory of perfect structures which
have several nice properties. Especially, they are effectively categorical
in the sense that they characterize their own computability theory. In
Section 11 we apply this concept to topological structures and we dis-
cuss important metric examples. The final Section 12 is devoted to the
abstract characterization of effective subsets over structures.1

2. Representations and Computable Functions
Inspired by Eršov’s theory of numberings [19, 20], Kreitz and Weih-

rauch have introduced the notion of a representation, see e.g. [32, 33, 61,
62]. A comprehensive and recent account of this theory can be found
in [64]. We present some basic concepts of the representation based
approach. Roughly speaking, a representation is a (partial) map which
assigns at least one “name” to each point of the represented set.

Definition 2.1 (Representation) A representation of a set X is a
surjective mapping δ :⊆ NN → X . In this situation (X, δ) is called a
represented space.

Here and in the following, NN denotes the set of sequences p : N→ N,
where N := {0, 1, 2, ...} and the inclusion symbol “⊆” is used to denote
partial maps. A point x ∈ X is called δ–computable, if there exists some
computable p ∈ NN such that δ(p) = x. For the definition of computable
functions F :⊆ NN→ NN we will use the set of finite sequences or words

1The material contained in Sections 7 to 12 is mainly based on the author’s thesis [9] which
contains additional results and proofs. An extended abstract on parts of the material has
been published in [10] and preliminary versions of some results have been published in [7, 8].
Interesting related considerations of WHILE programs have recently been presentedby Tucker
and Zucker [57, 58].
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N∗ of natural numbers. For all v, w ∈ N∗, p ∈ NN we will write v v w
and v v p, if v is a prefix of w or of p, respectively. Occasionally, we
will use the notation wp for the concatenation of a word w ∈ N∗ and a
sequence p ∈ NN and we will write wNN for the set {p ∈ NN : w v p} of
all sequences which extend the word w ∈ N∗. For any sequence p ∈ NN
and n ∈ N we denote by p[n] := p(0)...p(n−1) the prefix of p of length n.
A function ϕ : N∗ → N∗ is called monotone, if v v w =⇒ ϕ(v) v ϕ(w)
holds for all v, w ∈ N∗. Now we can approximate partial functions
F :⊆ NN→ NN by monotone functions ϕ : N∗ → N∗.

Definition 2.2 (Computable functions) A function F :⊆ NN→ NN

is called computable, if there exists a computable, total and monotone
function ϕ : N∗ → N∗ such that ϕ approximates F , i.e.

F (p) =

{
sup
wvp

ϕ(w) if the length of the supremum is not finite

↑ else

for all p ∈ NN.

Here we assume that the notion of a computable function ϕ : N∗ → N∗
is well-known. It could be made precise using some bijective standard
numbering ν∗ : N → N∗ of the set N∗, defined by ν∗(0) := ε and in-
ductively by ν∗(〈〈n0, ..., nk〉, k〉+ 1) := n0n1...nk for all k, n0, ..., nk ∈ N
(where ε denotes the empty word and 〈.〉 denotes a tupling function
which will be precisely defined below). For any sequence p ∈ NN and
n ∈ N we denote by pn := (ν∗)−1p[n] the code of the prefix of length n.

The set NN, considered as Baire’s space, comes equipped with the
product topology of the discrete topology on N. It is well-known that
computable functions F :⊆ NN → NN are continuous and their do-
mains are Gδ-sets [62]. Alternatively, one can characterize computable
functions by Turing machines which operate on infinite tapes over the
infinite2 alphabet N: a function F :⊆ NN→ NN is computable, if and
only if there exists a Turing machine with one-way output tape which
transfers each input sequence p ∈ dom(F ) into the corresponding out-
put sequence F (p) by an infinite computation and which diverges on all
other sequences. Using computable functions F :⊆ NN → NN one can
lift the computability notion to represented spaces.

2In some references NN is used [62], while in other reference, as [64], NN is replaced by set
of infinite words Σω over some finite alphabet Σ. This has some advantages as soon as
complexity is considered but computationally it is essentially equivalent.
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Definition 2.3 (Computability) Let (X, δX), (Y, δY ) be represented
spaces. Then f :⊆ X → Y is called a (δX , δY )–computable function, if
there is a computable function F :⊆ NN→ NN such that

δY F (p) = fδX(p)

for all p ∈ dom(fδX). If, additionally, p 6∈ dom(F ) for all p ∈ dom(δX) \
dom(fδX) holds, then f is called strongly (δX , δY )–computable. We will
also say that f is (strongly) (δX , δY )–computable via F .

If we substitute continuous functions F for computable functions F
in the previous definition, then we obtain the corresponding notion of
(δX , δY )–continuity. Figure 1 illustrates the definition.

N
N -

X -

F

f

?

δYδX

N
N

Y
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Figure 1. Computability with respect to representations

Using the intuition of Turing machines, a function f :⊆ X → Y is
(δX , δY )–computable, if there exists a Turing machine which transfers
each sequence p, which represents some x ∈ dom(f) with respect to δX ,
into a sequence q, which represents f(x) with respect to δY . The strong
notion of computability would additionally require that the machine
diverges on sequences p which represent elements outside the domain
dom(f). If we consider the identity id : NN→ NN as representation of
NN, then a function f :⊆ NN→ NN is strongly (id, id)–computable, if and
only if it is computable. Moreover, f is (id, id)–computable, if and only
if it is the restriction of a computable function F :⊆ NN→ NN. Thus,
the “weak” standard notion of computability does not require natural
domains (this is similar with the notion of continuity in topology) while
the strong notion of computability does require natural domains (which
is closer to the classical notion of computability in recursion theory).

From given representations of spaces we can easily construct repre-
sentations of product and function spaces as we will see in the following.
For coding purposes we will use Cantor’s pairing function π : N2 → N,
defined by

π(n, k) := 〈n, k〉 :=
1
2
(n + k)(n + k + 1) + k
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This definition can be generalized inductively by 〈n〉 := n and for i > 1
by 〈n1, ..., ni+1〉 := 〈〈n1, ..., ni〉, ni+1〉. Sometimes we will also use pairing
functions of types NN× NN → NN, (NN)N → NN. More precisely, we
define

〈p, q〉(k) :=
{

p(n) if k = 2n
q(n) if k = 2n + 1,

and 〈p0, p1, ...〉〈n, k〉 := pn(k). We will also use the notation 〈p, n〉 := np
for p ∈ NN and n ∈ N. It is well-known that all defined pairing functions,
as well as the projections of their inverses, are computable. Now we are
already prepared to define product and sequence space representations.

Definition 2.4 (Product and sequence spaces) Let (X, δX), (Y, δY )
be represented spaces.

(1) The product representation [δX , δY ] :⊆ NN→ X × Y is defined by
[δX , δY ]〈p, q〉 := (δX(p), δY (q)) for all p, q ∈ NN.

(2) The sequence representation δ∞X :⊆ NN → XN of the set XN of
sequences f : N→ X is defined by δ∞X 〈p0, p1, ...〉(n) := δX(pn), for
all p = 〈p0, p1, ...〉 ∈ NN, n ∈ N.

The product of representations can easily be generalized to finite prod-
ucts [δ1, ..., δn] by [δ] := δ and [δ1, ..., δn+1] := [[δ1, ..., δn], δn+1]. In case
of δ = δ1 = δ2 = ... = δn we write for short δn := [δ1, ..., δn].

In the next step we want to define a representation [δX → δY ] of
the set of (δX , δY )–continuous functions. For this purpose we will first
define a representation η of certain functions F :⊆ NN→ NN and then
we will use this representation to define [δX → δY ]. For the definition
of η we have to encode functions F by sequences q ∈ NN. We introduce
such an encoding in two steps. First we define a partial multiplication
∗ :⊆ NN×NN→ N as follows3:

q ∗ p = k : ⇐⇒ (∃t)
(
q(pt) = k + 1 and (∀s < t)(q(ps) = 0)

)
.

In other words q ∗ p is defined, if and only if t = µs[q(ps) > 0] exists
and in this case q ∗ p = q(pt) − 1. Using this partial function we can
define the application (.|.) :⊆ NN× NN→ NN by (q|p)(n) := q ∗ 〈p, n〉
for all p, q ∈ NN and n ∈ N. Obviously, (.|.) is continuous and thus,
any q ∈ NN encodes a continuous function ηq :⊆ NN→ NN, p 7→ (q|p).
One can prove that in this way a total representation η of the set of

3These definitions have been used for instance by Troelstra [55] and Bauer [4]
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continuous functions F :⊆ NN→ NN with Gδ–domain has been defined
[4]. Moreover, a function F :⊆ NN→ NN is computable, if and only if
there is a computable q ∈ NN such that F = ηq. Now we are prepared
to define the function space representation.

Definition 2.5 (Function spaces) Let (X, δX), (Y, δY ) be represented
spaces. We define a representation [δX → δY ] of the set C(δX , δY ) of total
(δX , δY )–continuous functions f : X → Y by

[δX → δY ](q) = f : ⇐⇒ (∀p ∈ dom(δX)) δY ηq(p) = fδX(p)

for all q ∈ NN and f : X → Y .

The representation η has some nice properties: it fulfills a certain
smn- and utm-theorem [64]. Or stated differently, the Baire space NN

together with the application function (.|.) :⊆ NN× NN → NN forms
a partial combinatory algebra [4]. With respect to [δX → δY ], these
properties imply the following result on evaluation and type conversion.

Proposition 2.6 Let (X, δX), (Y, δY ), (Z, δZ) be represented spaces.

(1) (Evaluation) Evaluation ev : C(δX , δY ) × X → Y, (f, x) 7→ f(x)
is ([[δX → δY ], δX ], δY )–computable,

(2) (Type conversion) f : Z × X → Y is ([δZ , δX ], δY )–computable,
if and only if the transposed function f̌ : Z → C(δX , δY ), defined
by f̌(z)(x) := f(z, x), is (δZ , [δX → δY ])–computable.

The evaluation property is already hidden in the definition of η while
the “only if”-direction of the type conversion property requires a techni-
cal but straightforward proof. The “if”-direction follows from the eval-
uation property. As a consequence one obtains the following result on
the category of represented spaces.

Corollary 2.7 The category of represented spaces is cartesian closed.

Here the objects are represented spaces, the morphisms are total func-
tions which are continuous (or computable) with respect to the corre-
sponding representations. Products and exponentials are defined with
the help of product and function space representations.

3. Topologically Admissible Representations
Up to now we have considered arbitrary representations of sets. But

sets like the real numbers R admit a large variety of different represen-
tations. Some of these representations are useful, other rather useless;
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some representations fit together with an a priori defined topology on
the represented set, others do not. In this section we will consider the
class of admissible representations which are well-behaved in a topolog-
ical sense. As a very useful tool for the comparison of representations
we will use the following concept of reducibility.

Definition 3.1 (Reducibility) Let δ, δ′ be representations.

(1) δ is reducible to δ′, or δ ≤ δ′ for short, if there is a computable
function F :⊆ NN→ NN with δ(p) = δ′F (p) for all p ∈ dom(δ).

(2) δ is equivalent to δ′, or δ ≡ δ′ for short, if δ ≤ δ′ and δ′ ≤ δ.

In other words, δ ≤ δ′ holds, if and only if the identity id is (δ, δ′)–
computable. If we replace “computable” by “continuous” in the defini-
tion, then we obtain the corresponding concept of continuous reducibility
which is denoted by “≤t”. It is easy to prove that equivalent repre-
sentations induce the same (strong) computability on represented sets.
Moreover, the product operation on representations is associative up to
equivalence, i.e. [[δ1, δ2], δ3] ≡ [δ1, [δ2, δ3]] and equivalent representations
have equivalent product, sequence and function space representations.

For the set N we will use the representation δN : NN → N, which is
defined by δN(p) := p(0) for all p ∈ NN. We will use the notation n̂ for
the constant sequence p ∈ NN with p(i) = n for all i ∈ N. In particular
we obtain δN(n̂) = n. A function f :⊆ N→ N is (δN, δN)–computable, if
and only if it is a restriction of a classically recursive function. For any
representation δ we obtain δ∞ ≡ [δN → δ]. Thus, the sequence space
representation is compatible with the function space representation.

A representation of a topological space is called admissible, if it is con-
tinuous and maximal among all continuous representations with respect
to continuous reducibility. More precisely:

Definition 3.2 (Admissibility) A representation δ of a topological
space X is called admissible, if δ is continuous and if δ′ ≤t δ holds for
all continuous representations δ′ of X .

It is straightforward to define examples of admissible representations
of second countable T0–spaces and we will use the following standard
representation for such spaces.

Proposition 3.3 (Standard representation) Let X be a T0–space
with subbase {Bn : n ∈ N}. The representation δ of X , defined by

δ(p) = x : ⇐⇒ range(p) = {n ∈ N : x ∈ Bn}
for all p ∈ NN and x ∈ X , is admissible. It is called the standard
representation of the space X .
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Here, we assume that
⋃∞

n=0 Bn = X for any subbase {Bn : n ∈ N}
of X (such that for any point x ∈ X there is some n with x ∈ Bn).
The following result shows that the admissible representations of sec-
ond countable T0–spaces are essentially the continuous representations
with surjective and open restrictions. Here, “essentially” means, that
this does hold true only for a certain but large class of representations.
A representation δ of a topological space X is called complete, if the
following holds: whenever {δ(p[i]NN) : i ∈ N} is a neighbourhood base
of some point x ∈ X , then p ∈ dom(δ) and δ(p) = x. For complete
representations we obtain the following characterization of admissibility,
which is due to Brattka and Hertling [13].

Theorem 3.4 Let X be a second countable T0–space and let δ be a
complete representation of X . Then δ is admissible, if and only if δ is
continuous and has a surjective and open restriction.

Completeness is not a very strong restriction, since any representation
can be completed in a way such that the properties continuity, openness
and admissibility are preserved [13]. Admissible representations are very
useful because of the Theorem of Kreitz and Weihrauch which shows that
for admissible representations relative continuity coincides with ordinary
continuity. This theorem has been proved in [33] for second countable
T0–spaces. We present a generalized version for arbitrary topological
spaces, which is due to Schröder [49]. Here continuity is replaced by
sequential continuity (a function is called sequentially continuous, if it
maps convergent sequences into convergent sequences).

Theorem 3.5 (Kreitz and Weihrauch) Let δX and δY be admissi-
ble representations of topological spaces X and Y , respectively, and let
f :⊆ X → Y be a function. Then f is sequentially continuous, if and
only if f is (δX , δY )–continuous.

Proof. Let f :⊆ X → Y be sequentially continuous. Then fδX is
sequentially continuous as well, since δX is continuous. Since the Baire
space NN has a countable base, it is sequential4 and hence fδX is even
continuous. Hence, δ′, defined by

δ′(np) :=
{

fδX(p) if n = 0
δY (p) else

is continuous as well and surjective by definition. Thus, δ′ is a continuous
representation of Y and we obtain δ′ ≤t δY , since δY is admissible.

4A topological space X is called sequential, if all subsets U ⊆ X with the property that any
sequence which converges to an element of U is eventually in U , are open.
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Hence, there is a continuous function G :⊆ NN→ NN such that δ′ = δY G
and F :⊆ NN→ NN, defined by F (p) := G(0p) is continuous as well and
we obtain δY F (p) = δY G(0p) = δ′(0p) = fδX(p) for all p ∈ dom(fδX).
Consequently, f is (δX , δY )–continuous.

Now let f :⊆ X → Y be (δX , δY )–continuous. Then there exists a
continuous function F :⊆ NN→ NN such that fδX(p) = δY F (p) for all
p ∈ dom(fδX). Let x ∈ dom(f) and let (xn)n∈N be a sequence in dom(f)
which converges to x. Now we define a representation δ′ of X by

δ′(np) :=




x if n = 0 and p = 0̂ = 000...

xk if n = 0 and p = 0k1̂ = 0k111...
δX(p) if n 6= 0

.

Then δ′ is a continuous representation of X and we obtain δ′ ≤t δX since
δX is admissible. Hence, there is a continuous function G :⊆ NN→ NN

such that δ′ = δXG. Let U be an open neighbourhood of f(x). Since
δY FG is continuous and δY FG(0̂) = fδXG(0̂) = fδ′(0̂) = f(x) ∈ U ,
there is some k ∈ N with δY FG(0kNN) ⊆ U . For all n ≥ k we obtain

f(xn) = fδ′(0n+11̂) = fδXG(0n+11̂) = δY FG(0n+11̂) ∈ U.

Thus, (f(xn))n∈N converges to f(x) and f is sequentially continuous. 2

Second countable T0–spaces are sequential and in this case ordinary
continuity and sequential continuity coincide. Especially, C(δX , δY ) is
equal to the set C(X, Y ) of continuous functions f : X → Y if δX , δY are
admissible representations of sequential spaces. If one tries to generalize
Corollary 2.7 to categories of admissibly represented topological spaces,
then one has to face the problem that even many categories of topological
spaces are not cartesian closed. One has to choose either a subcategory
of the category of all topological spaces (as the category of sequential
topological spaces, see Schröder [49]) or a larger category (as the category
of limit spaces, see Schröder [48]). We formulate the first result.

Theorem 3.6 (Schröder) The category of admissibly represented se-
quential T0–spaces is cartesian closed.

Again the morphisms are the total continuous functions and products
and exponentials of this category are just given by the corresponding
product and function space operations on representations, as defined in
the previous section.5

5The considerations in this section show that the category of admissibly represented sequen-
tial T0–spaces is suitable for semantic purposes. Results of Bauer [4, 5], show that this
category is closely related to a subcategory of equilogical spaces, as proposed by Dana Scott.
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4. Real Number Representations
In this section we briefly discuss some real number representations.

Such representations have implicitly been used for a long time. For
instance the identities

π = 3 +
1

7 + 1
15+ 1

1+ 1

292+ 1
1+...

= 3.141592653589793238462643383...

refer to the representations of the number π as normed continued fraction
and as decimal expansion. It is obvious how such ideas can be formalized
to define representations δ :⊆ NN→ R. We define some other represen-
tations formally. Therefore, we will use a numbering νQ : N→ Q of the
rational numbers Q, defined by νQ〈i, j, k〉 := i−j

k+1 . We start with the
definition of the Cauchy representation.

Definition 4.1 (Cauchy representation) The Cauchy representation
ρ of the real numbers R is defined by

ρ(p) := lim
n→∞ νQp(n)

for all p ∈ NN such that |νQp(i)− νQp(k)| ≤ 2−k for i > k.

Intuitively, ρ(p) = x, if p is an (encoded) Cauchy sequence of rational
numbers which rapidly converges to x. In the following we will call
the (ρn, ρ)–computable functions f :⊆ Rn → R just computable. Many
well-known real number functions, such as the arithmetic operations,
the trigonometric functions and many others, are computable [64]. The
(δN, ρ)–computable sequences and the ρ–computable real numbers will
be called computable for short. The Cauchy representation characterizes
the most important equivalence class of real number representations.
For certain purposes other representations are of interest.6 We define
two of them, the representations by enumeration of left and right cuts.

Definition 4.2 (Left and right representations) We define repre-
sentations ρ<, ρ> of the real numbers R by

(1) ρ<(p) = x : ⇐⇒ {νQp(n) : n ∈ N} = {r ∈ Q : r < x},
(2) ρ>(p) = x : ⇐⇒ {νQp(n) : n ∈ N} = {r ∈ Q : r > x}.

6As mentioned in the introduction, the decimal representation is not very suitable: its final
topology is the Euclidean topology, but addition is not continuous with respect to the decimal
representation [64]. Hence, the decimal representation is not admissible with respect to any
topology.



12

Intuitively, ρ<(p) = x, if and only if p is an (encoded) list of all
rational numbers which are less than x. A corresponding statement
holds for ρ>. The ρ<– and ρ>–computable numbers x ∈ R are called
left computable and right computable, respectively. The (ρn, ρ<)– and
(ρn, ρ>)–computable functions are called lower semi-computable and up-
per semi–computable, respectively. It is easy to see that the lower and
upper semi–computable functions are lower and upper semi–continuous,
respectively. The defined representations ρ, ρ<, ρ> are admissible with
respect to certain topologies.

Proposition 4.3 The representations ρ, ρ< and ρ> are admissible with
respect to the topologies on R, which are generated by the open intervals
(r, s), (r,∞) and (−∞, s), respectively.

A proof can be found in [64]. Figure 2 displays reducibility relations
of certain real number representations.

normed continued fraction

characteristic functionscharacteristic functions

base b expansion

Cauchy ρ

enumerationenumeration

naive Cauchy

6

of left cuts of right cuts

of right cutsof left cuts

��:

XXy ��:

XXy

��:

XXy ��:

XXy
ρ>ρ<

Figure 2. The lattice of some real number representations

Here, any arrow δ → δ′ means that δ is computably reducible to δ′,
i.e. δ ≤ δ′, but δ′ is not even continuously reducible to δ, i.e. δ′ 6≤t δ.
Up to transitivity the diagram is complete.7 The classes of computable
numbers induced by the representations in Figure 2 which are located
below the Cauchy representation ρ, coincide with the computable real
numbers. This is not the case for the representations above ρ.8

7A comprehensive comparison of real number representations can be found in [17] and [64].
It is interesting to mention that the representation with base b expansion is reducible to the
representation with base a expansion, if and only if all prime divisors of a are also prime
divisors of b.
8The naive Cauchy representation is defined as the Cauchy representation but without any
restrictions concerning the speed of convergence. It is quite useless, since no finite prefix of
such a Cauchy sequence gives any information on the represented number. For further details,
see [13]. The class of computable real numbers induced by the naive Cauchy representation
is the class of recursively approximable real numbers, see [2, 67].
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5. Computable Metric Spaces
In this section we present the concept of a computable metric space.9

First, we introduce some notations. By B(x, ε) := {y ∈ X : d(x, y) < ε}
we denote the open balls and by B(x, ε) := {y ∈ X : d(x, y) ≤ ε} the
corresponding closed balls of a metric space (X, d). Moreover, we use
the abbreviation n := νQ(n) for the rational numbers given by n ∈ N.
We will say that a sequence α : N→ X is dense in X , if the topological
closure of range(α) is equal to X .

Definition 5.1 (Computable metric space) We call (X, d, α) a com-
putable metric space, if

(1) d : X × X → R is a metric on X ,

(2) α : N→ X is dense in X ,

(3) d ◦ (α × α) : N2 → R is a computable (double) sequence.

If (X, d, α) just fulfills (1) and (2), then it is sometimes called an
effective metric space (which is nothing but a separable metric space
together with a numbering of a dense subset). For simplicity, we will
simply say that (X, d, α) is a separable metric space in this case. The
space (R, d, νQ) with the Euclidean metric d(x, y) := |x−y| is an example
of a computable metric space. Similar as in the real number case, we
can introduce the Cauchy representation of separable metric spaces in
general.

Definition 5.2 (Cauchy representation) Let (X, d, α) be a separa-
ble metric space. The Cauchy representation δX of X is defined by

δX(p) := lim
n→∞ αp(n)

for all p ∈ NN such that d(αp(i), αp(k))≤ 2−k for i > k and (αp(n))n∈N
is convergent.

In case of (R, d, νQ) we obtain δR= ρ. The following result character-
izes the equivalence class of the Cauchy representation of a computable
metric space with the help of the metric d : X × X → R and the limit
operator

Lim :⊆ XN→ X, (xn)n∈N 7→ lim
n→∞xn,

9These spaces, sometimes called recursive metric spaces, have been used with similar defini-
tions by Lacombe [38], Cĕıtin [16], Moschovakis [41], Weihrauch [63], Spreen [53] and many
others. Some of these authors have studied metric spaces restricted to computable points.
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which is restricted to rapidly converging sequences, i.e. dom(Lim) con-
tains only convergent sequences (xn)n∈N such that d(xi, xk) ≤ 2−k for
all i > k.

Proposition 5.3 (Cauchy representation) Let (X, d, α) be a com-
putable metric space with Cauchy representation δX and let δ be a further
representation of X . Then α : N→ X is (δN, δX)–computable and

(1) δ ≤ δX ⇐⇒ d : X × X → R is ([δ, δX ], δR)–computable,

(2) δX ≤ δ ⇐⇒ Lim :⊆ XN→ X is (δ∞X , δ)–computable.

Proof. Define F : NN → NN by F (p)(n) := p(0) for all p ∈ NN and
n ∈ N. Then F is computable and δXF (p) = αp(0) = αδN(p) for all
p ∈ NN. Thus, α is (δN, δX)–computable via F .
(1) Let δ ≤ δX . It suffices to prove that d is ([δX , δX ], δR)–computable.
Since d ◦ (α × α) : N × N → R is computable, we can effectively find
some nk ∈ N with nk < d(αp(k + 3), αq(k + 3)) < nk + 2−k−2 for any
given p, q ∈ dom(δX) and k ∈ N. Thus, for x := δX(p) and y := δX(q)
we obtain

|d(x, y)− nk|
≤ d(x, αp(k + 3)) + d(y, αq(k + 3)) + |d(αp(k + 3), αq(k + 3))− nk|
≤ 2−k−3 + 2−k−3 + 2−k−2 = 2−k−1.

Let F :⊆ NN → NN be the computable function which associates a
corresponding value nk = F 〈p, q〉(k) with each p, q ∈ dom(δX) and k ∈
N. Then δRF 〈p, q〉 = limk→∞ nk = d(x, y) = d ◦ [δX , δX ]〈p, q〉. Thus, d
is ([δX , δX ], δR)–computable via F .

Now let d be ([δ, δX ], δR)–computable. Since α is (δN, δX)–compu-
table, there is a computable function F :⊆ NN→ NN which is defined
for all p ∈ dom(δ) such that F (p)(k) = n =⇒ d(δ(p), α(n)) < 2−k−1 for
all p ∈ dom(δ), k, n ∈ N. Thus δ(p) = limk→∞ αF (p)(k) = δXF (p) for
all p ∈ dom(δ), i.e. δ ≤ δX .
(2) Let δX ≤ δ. It suffices to prove that Lim is (δ∞X , δX)–computable.
Define F : NN → NN by F 〈p0, p1, ...〉(k) := pk+2(k + 2). Then F is
computable. Now let p = 〈p0, p1, ...〉 ∈ dom(Lim δ∞X ). Then we obtain
for all n > k

d(αpn+2(n + 2), αpk+2(k + 2))
≤ d(αpn+2(n + 2), αpn+2(k + 2)) + d(αpn+2(k + 2), δX(pn+2))

+d(δX(pn+2), δX(pk+2)) + d(δX(pk+2), αpk+2(k + 2))
≤ 2−k−2 + 2−k−2 + 2−k−2 + 2−k−2 = 2−k
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and thus δXF (p) = limk→∞ αpk+2(k + 2) = limn→∞ limk→∞ αpn(k) =
limn→∞ δX(pn) = Lim ◦ δ∞X (p) for all p = 〈p0, p1, ...〉 ∈ dom(Lim δ∞X ).
Consequently, Lim is (δ∞X , δX)–computable via F .

Now let Lim be (δ∞X , δ)–computable. Since α is (δN, δX)–computable
and δX = Lim ◦ αN, it follows that δX is (δ∞N , δ)–computable. Since
δ∞N ≡ idNN , we obtain δX ≤ δ. 2

This result especially shows that the metric d and the limit operator
Lim are computable for any computable metric space (X, d, α). More-
over, the result shows that the limit operation can be used to “synthe-
size” and the metric can be used to “analyze” a metric space.10

If X and Y are computable metric spaces with Cauchy representa-
tions δX and δY , respectively, then we will call a function f :⊆ X → Y
computable, if it is (δX , δY )–computable. Similarly as in the real num-
ber case, we will call a function f :⊆ X → R lower semi-computable
and upper semi-computable, if it is (δX , ρ<)– and (δX , ρ>)–computable,
respectively. A sequence s : N→ X is called computable, if it is (δN, δX)–
computable, and a point x ∈ X is called computable, if the constant
sequence with value x is computable. In the real number case it is well-
known that the set of computable points cannot be enumerated effec-
tively. The same holds for complete computable metric spaces without
isolated points. The result can be derived from an effective version of
the Baire Category Theorem [11].

Proposition 5.4 If X is a computable complete metric space without
isolated points, then there exists no computable sequence (xn)n∈N in X
such that {xn : n ∈ N} is the set of computable points of X .

An alternative approach to computable analysis on Banach spaces
has been proposed by Pour-El and Richards [45]. In their approach, the
notion of a computable sequence has been axiomatized. Yasugi, Mori
and Tsujii have presented a generalization of this approach for metric
spaces [66]. The approach presented in this section is compatible with
these ideas: the set of computable sequences of a computable metric
space fulfills the axioms of a computability structure in sense of [66].
We close this section with some examples of computable metric spaces.
For the Cauchy representation δRn, associated with the first example,
we obtain δRn ≡ ρn.

10A corresponding result cannot be obtained for non-separable metric spaces, since one can
show that any metric space (X,d) with a representationδ such that d is ([δ, δ], ρ>)–continuous,
necessarily is separable (see Lemma 8.1.1 in [64]).
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Example 5.5 (Computable metric spaces)

(1) (Rn, dRn, αRn) with the Euclidean metric

dRn(x, y) :=

√√√√ n∑
i=1

|xi − yi|2

and some standard enumeration αRn of all rational points Qn is a
computable metric space.

(2) (C[0, 1], dC, αC) with the set C[0, 1] of continuous real-valued func-
tions f : [0, 1] → R and the supremum metric

dC(f, g) := ||f − g|| := sup
x∈[0,1]

|f(x)− g(x)|

and some standard numbering αC of the rational polynomials Q[x]
is a computable metric space. The computable points in this space
are exactly the computable functions f : [0, 1] → R.

(3) (K(X), dK, αK) with the set K(X) of non-empty compact subsets
of a computable metric space (X, d, α) and the Hausdorff metric

dK(A, B) := max
{

sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)
}

and some standard numbering αK of the non-empty finite subsets
of range(α) is a computable metric space.

6. Computable Subsets of Metric Spaces
In the previous section we have defined computable points, sequences

and functions on metric spaces. In this section we want to define com-
putable subsets of metric spaces. Essentially, we want to extend the
classical notions of recursively enumerable, co-recursively enumerable
and recursive subsets, as they are used in recursion theory [44], to this
setting. It turns out that the intuition of decidability is not very fruitful
in computable analysis: if (X, d) is a connected metric space, then the
characteristic function

cfA : X → R, x 7→
{

0 if x ∈ A
1 else

of a subset A ⊆ X is continuous (and hence computable) only in the
trivial cases A ∈ {∅, X}. The solution of this problem is to replace the
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discontinuous characteristic function by a continuous substitute. There-
fore, one can use the distance function

dA : X → R, x 7→ inf
a∈A

d(x, a),

defined for any metric space (X, d) and subsets A ⊆ X . Figure 3 displays
the characteristic function of the unit interval A = [0, 1] together with
its distance function.
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Figure 3. Characteristic function and distance function of the unit interval

In the following definition we use different computability properties
of the distance function to define computability notions for subsets.11

Definition 6.1 (Located subsets) Let (X, d, α) be a computable met-
ric space and let A ⊆ X be a subset. Then A is called lower semi-located,
upper semi-located and located, if dA : X → R is lower semi-computable,
upper semi-computable and computable, respectively.

Since the distance function of a subset A ⊆ X coincides with the dis-
tance function of the topological closure A of A, we can restrict most
considerations about located subsets to closed subsets. For closed sub-
sets (or dually, for open subsets) the following notion of effectivity has
already been considered by Lacombe [37].

Definition 6.2 (Co-r.e. closed subsets) Let (X, d, α) be a comput-
able metric space and let A ⊆ X be a closed subset. Then A is called
co-r.e. closed, if there exists an r.e. subset C ⊆ N such that

X \ A =
⋃

〈n,k〉∈C

B(α(n), k)

It is easy to show that a subset A ⊆ X is co-r.e. closed, if and only if
there exists a computable function f : X → R such that f−1{0} = A and

11The idea to use distance functions in order to define located subsets goes back to intu-
itionistic and constructive analysis, see for instance [6]. They have been used in computable
analysis by several authors, see for instance [65, 23, 68].
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this is the case, if and only if the characteristic function cfA : X → A
is lower semi-computable. Another notion which has been considered in
some references is the notion of effective separability.

Definition 6.3 (Effective separability) Let (X, d, α) be a comput-
able metric space and let A ⊆ X be a subset. Then A is called effectively
separable, if there exists a computable sequence f : N → X such that
range(f) = {f(n) : n ∈ N} is dense in A.

Finally, we even define four further notions of effectivity.

Definition 6.4 (Recursive subsets) Let (X, d, α) be a computable
metric space and let A ⊆ X be a closed subset.

(1) A is called recursively enumerable closed (r.e. closed for short), if
the set {〈n, k〉 ∈ N : A ∩ B(α(n), k) 6= ∅} is r.e.

(2) A is called recursive closed, if it is r.e. closed and co-r.e. closed.

(3) A is called strongly co-recursively enumerable closed (strongly co-
r.e. closed for short), if the set {〈n, k〉 ∈ N : A ∩ B(α(n), k) = ∅}
is r.e.

(4) A is called strongly recursive closed, if A is r.e. closed, as well as
strongly co-r.e. closed.

Figure 4 shows the logical relations between all introduced notions of
effectivity for closed subsets, see [14] for proofs.

located

recursive

lower semi-locatedupper semi-located

co-r.e.

effectively separable

66�

6
strongly recursive strongly co-r.e.

66

r.e. =
-

-

-

���)

Figure 4. Notions of effectivity for closed subsets of computable metric spaces

Each arrow in the diagram does not only indicate an implication but
an effective reducibility: for each notion of effectivity, there exists a
corresponding hyperspace representation δ :⊆ NN → A(X) of the set
A(X) of closed subsets A ⊆ X . In this case, the arrows in Figure 4 can
be read as reducibilities, similarly as the arrows in Figure 2.

In case of Euclidean space (and other “effectively locally compact”
computable metric spaces) the vertical arrows in Figure 4 can be re-
versed and thus the three horizontal layers of the diagram collapse [15].
Moreover, the recursive compact subsets K ⊆ Rn are exactly the com-
putable points in K(Rn). In contrast to that, the three vertical layers
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represent essentially different notions of effectivity which generalize the
classical notions of effectivity, as the following result shows.

Proposition 6.5 A subset A ⊆ N is r.e., co-r.e., or recursive in the
classical sense, if and only if A is r.e., co-r.e., or recursive, respectively,
considered as a closed subset of Euclidean space R.

7. Computable Multi-Valued Operations
In this section we want to present an extension of the representation

based notion of computability to multi-valued operations. There are at
least two motivations for such an extension. On the one hand, multi-
valued operations occur in practice and examples like the determination
of zeroes of polynomials are important and unavoidable: given the coeffi-
cients of a non-constant polynomial, we can effectively find a zero, but in
general the corresponding computation is non-extensional and therefore
it has to be described by a multi-valued function.12 Such indeterministic
computations13 may lead to different results on the same input, but all
possible results have to be valid (in contrast to non-deterministic com-
putations in complexity theory, where only some computations have to
yield a valid result). On the other hand, one can motivate the introduc-
tion of multi-valued operations by formal reasons. If the arrows in the
category of admissibly represented spaces are chosen to be multi-valued,
then the category gains some nice properties, as we will implicitly see
below.

Before we define computability of multi-valued operations, we intro-
duce some notations. By f :⊆ X � Y we will denote partial multi-
valued functions which we will call for short operations in the following.
Here the symbol “�” indicates that f might be multi-valued. More
precisely, an operation f :⊆ X � Y is a correspondence f = (Φ, X, Y ),
that is Φ ⊆ X × Y . We will use these objects from an operational
point of view, that is X is considered as a space of inputs and Y
as a space of outputs. We will use some notations for operations:
graph(f) := Φ, dom(f) := {x ∈ X : (∃y ∈ Y ) (x, y) ∈ Φ}, and
range(f) := {y ∈ Y : (∃x ∈ X) (x, y) ∈ Φ} will be called graph, do-
main, and range of f , respectively. The image of A ⊆ X under f will
be denoted by f(A) := {y ∈ Y : (∃x ∈ A) (x, y) ∈ Φ}, and the preim-
age of B ⊆ Y by f−1(B) := {x ∈ X : (∃y ∈ B) (x, y) ∈ Φ}. By
f(x) := f{x} = {y ∈ Y : (x, y) ∈ Φ} we denote the image of x un-

12The idea to compute with multi-valued operations has been considered by several authors
in different settings [42, 18, 52, 31].
13This notion of indeterminism has already been used by Shepherdson [50].
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der f for each x ∈ dom(f). If f(x) is single-valued, i.e. f(x) = {y}
for some y ∈ Y , then we also write f(x) = y, as usual for functions.
With each operation f = (Φ, X, Y ) we associate the inverse operation
f−1 = (Φ−1, Y, X), which is given by Φ−1 := {(y, x) : (x, y) ∈ Φ}.

Computable multi-valued operations f :⊆ X � Y are usually de-
fined by substituting “δY F (p) ∈ fδX(p)” for the condition “δY F (p) =
fδX(p)” in Definition 2.3 (see [64]). We will call this kind of computabil-
ity weak (δX , δY )–computability. Weak computability corresponds to the
idea that the realization F on input p with x = δX(p) selects one of
the possible results in f(x). For our purposes, however, this definition
is too weak, since the realization F does not characterize the whole
image f(x). In a second attempt, we could define that f is (δX , δY )–
computable, if there is a computable function F :⊆ NN→ NN such that
f(x) = δY Fδ−1

X {x} for all x ∈ dom(f). But this definition would sen-
sitively rely on the concrete choice of the representation δX of X . It
is possible that for some representations δ1 of X the preimage δ−1

1 {x}
for some specific x is single-valued while for other equivalent representa-
tions δ2 of X the preimage δ−1

2 {x} might be very large. Consequently,
equivalent representations would induce different kinds of computability
of operations. This is one reason why we choose a different definition of
computable operations. In our definition the complete image f(x) will
be obtained by the help of an additional “oracle” input.

Definition 7.1 (Computable operations) Let (X, δX), (Y, δY ) be re-
presented spaces. Then f :⊆ X � Y is called a (δX , δY )–computable
operation, if there is a computable function F :⊆ NN→ NN such that

δY F 〈p,NN〉 = fδX(p)

and 〈p,NN〉 ⊆ dom(δY F ) for all p ∈ dom(fδX). Furthermore, f is called
a strongly (δX , δY )–computable operation, if, additionally, the condition
〈p,NN〉 6⊆ dom(F ) holds for all p ∈ dom(δX) \ dom(fδX).

Here, 〈p,NN〉 := {〈p, q〉 : q ∈ NN}. It is easy to see that the previous
definition has the property that equivalent representations induce the
same kind of (strong) computability of operations. Moreover, a func-
tion f :⊆ X → Y is (δX , δY )–computable, if and only if it is (δX , δY )–
computable, considered as an operation. And if f is strongly (δX , δY )–
computable as a function, then it is also strongly (δX , δY )–computable
as an operation. However, the converse of the latter statement does not
hold true in general. Therefore, in case of doubts, strong computability
will always mean strong computability in the sense of operations. Our
next goal is to show that weak computability and computability of op-
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erations are also closely related notions. The following lemma will be
helpful for this purpose.

Lemma 7.2 (Oracle Lemma) There exists a total computable func-
tion H : NN→ NN such that

(1) range(H〈p, q〉) = range(p) for all p, q ∈ NN,
(2) for all r, p ∈ NN with range(r) = range(p) there exists a q ∈ NN

such that H〈p, q〉 = r.

Proof. For each p, q ∈ NN we define r = H〈p, q〉 by an inductive
construction. In step n = 0, 1, ... let 〈i, j〉 := q(n).

(a) If there is no k such that r(k) is already defined and equal to p(n),
then choose the first k ≥ i such that r(k) is still undefined and let
r(k) := p(n).

(b) If r(n) is still undefined, then let r(n) := p(j).

The algorithm, described hereby, defines a total computable function
H : NN → NN. After execution of step n, at least r(0), ..., r(n) are
defined by (b). We have to show that (1) and (2) hold.

(1) The construction obviously guarantees range(r) ⊆ range(p). On
the other hand, for each n there is some k such that r(k) = p(n)
after execution of step n, part (a). Hence, range(p) ⊆ range(r).

(2) Now let r, p ∈ NN be such that range(r) = range(p). Then define
q ∈ NN for each n ∈ N by q(n) := 〈i, j〉, where i := µk[r(k) = p(n)]
and j := µk[p(k) = r(n)]. Then H〈p, q〉 = r. 2

It is obvious that any (δX , δY )–computable operation f :⊆ X � Y
is also weakly (δX , δY )–computable. The following result shows that a
certain converse version of this statement holds true as well.

Proposition 7.3 Let X be a second countable T0–space with standard
representation δX and let (Y, δY ) be a represented space. If an operation
f :⊆ X � Y is weakly (δX , δY )–computable, then there is a (δX , δY )–
computable operation g :⊆ X � Y such that dom(g) = dom(f) and
graph(g) ⊆ graph(f).

Proof. Let f :⊆ X � Y be weakly (δX , δY )–computable. Then there
is a computable function F :⊆ NN → NN such that δY F (p) ∈ fδX(p)
for all p ∈ dom(fδX). Let H : NN → NN be the computable func-
tion which exists by the Oracle Lemma 7.2. Define G :⊆ NN → NN
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by G〈p, q〉 := FH〈p, q〉 for all p, q ∈ NN. Then G is a computable
function. Now let g :⊆ X � Y be defined by dom(g) := dom(f)
and by gδX(p) := {δY G〈p, q〉 : q ∈ NN} for all p ∈ δ−1

X (dom(g)). By
definition of H and δX we obtain δ−1

X δX(p) = {H〈p, q〉 : q ∈ NN},
i.e. g is well-defined and (δX , δY )–computable. Now let x ∈ dom(g)
and y ∈ g(x). Then there are p, q ∈ NN such that δX(p) = x and
δY G〈p, q〉 = y. Hence y = δY FH〈p, q〉 ∈ fδXH〈p, q〉 = fδX(p) = f(x).
Thus, graph(g) ⊆ graph(f). 2

We will close this section with a short discussion of continuity. It turns
out that computable multi-valued operations are lower semi-continuous.
As usual, a multi-valued operation f :⊆ X � Y on topological spaces
X, Y is called lower semi-continuous,14 if f−1(U) is open in dom(f)
for any open subset U ⊆ Y . If f is single-valued, then it is lower
semi-continuous, if and only if it is continuous in the ordinary sense.
Before we formulate our result we introduce another notation. With
each representation δX :⊆ NN→ X we can associate its cylindrification
δcyl :⊆ NN→ X , which is defined by δcyl〈p, q〉 := δ(p) for all p, q ∈ NN
(cf. [62]). Obviously, each representation is equivalent to its cylindrifi-
cation.

Theorem 7.4 (Continuity) Let (X, δX), (Y, δY ) be admissibly repre-
sented second countable T0–spaces. Then any (δX , δY )–computable multi-
valued operation f :⊆ X � Y is lower semi-continuous.

Proof. Without loss of generality, we can assume that δX , δY are stan-
dard representations. Now let f :⊆ X � Y be (δX , δY )–computable
via some computable function F :⊆ NN → NN. It is easy to see that
δY is continuous and that δX is open. The latter fact implies that
δ−1
X : X � NN is lower semi-continuous. Then g :⊆ X � Y , defined by

g(x) := δY ◦F ◦ 〈δ−1
X (x),NN〉 is an extension of f , that is g(x) = f(x) for

all x ∈ dom(f). Altogether, it follows that g is lower semi-continuous
and hence f , as a restriction of g, is lower semi-continuous as well.15

2

14A corresponding notion of upper semi-continuity is defined with “closed” instead of “open”
and in contrast to the single-valued case, upper semi-continuity is different from lower semi-
continuity. Both concepts of semi-continuity should not be confused with the corresponding
notions of continuity of real number functions.
15Implicitly, we have used that lower semi-continuous operations are closed under composi-
tion, see Theorem 8.2, where composition is defined as in Definition 8.1.
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8. Recursive Closure Schemes
In this section we discuss some set-theoretical closure schemes of com-

putable multi-valued operations. These closure schemes are generaliza-
tions of the classical closure schemes substitution, primitive recursion
and µ–recursion [44]. In the following we will assume that U, V, X, Y, Z
are arbitrary sets. All closure schemes which will be introduced are de-
fined for arbitrary sets, with exception of those places where the set N
of natural numbers is mentioned explicitly.

Definition 8.1 (Recursive closure schemes) The following closure
schemes are called recursive closure schemes:

(1) Projection: If f :⊆ X � Y ×Z is an operation, then the projec-
tion f1 :⊆ X � Y is defined by

f1(x) := {y : (∃z) (y, z) ∈ f(x)}
for all x ∈ dom(f1) := dom(f). The projection f2 :⊆ X � Z on
the second component is defined correspondingly.

(2) Juxtaposition: If f :⊆ X � Y and g :⊆ X � Z are operations,
then the juxtaposition (f, g) :⊆ X � Y × Z is defined by

(f, g)(x) := f(x) × g(x) = {(y, z) : y ∈ f(x) and z ∈ g(x)}
for all x ∈ dom(f, g) := dom(f) ∩ dom(g).

(3) Product: If f :⊆ X � Y and g :⊆ U � V are operations, then
the product f × g :⊆ X × U � Y × V is defined by

(f × g)(x, u) := f(x)× g(u) = {(y, v) : y ∈ f(x) and v ∈ g(u)}
for all (x, u) ∈ dom(f × g) := dom(f)× dom(g).

(4) Composition: If f :⊆ X � Y and g :⊆ Y � Z are operations,
then the composition g ◦ f :⊆ X � Z is defined by

(g ◦ f)(x) := g(f(x)) := {z : (∃y ∈ f(x)) z ∈ g(y)}
for all x ∈ dom(g ◦ f) := {x : f(x) ⊆ dom(g)}.

(5) Iteration: If f :⊆ X � X is an operation, then the iteration
f∗ :⊆ X ×N� X is defined by{

f∗(x, 0) := {x},
f∗(x, n + 1) := f ◦ f∗(x, n)

and abbreviated by fn(x) := f∗(x, n) for all x ∈ X and n ∈ N.
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(6) Inversion: If f :⊆ X × N � Y × N is an operation, then the
(twisted) inversion f↔ :⊆ X ×N� Y × N is defined by

f↔(x, n) := {(y, k) : (y, n) ∈ f(x, k)}
for all (x, n) ∈ dom(f↔) := {(x, n) : (∀k) (x, k) ∈ dom(f) and
(∃k) n ∈ f2(x, k)}.

(7) Evaluation: If f :⊆ X � Y N is an operation, then the evaluation
f∗ :⊆ X × N� Y is defined by

f∗(x, n) := {y : (∃(yk)k∈N∈ f(x)) yn = y}
for all (x, n) ∈ dom(f∗) := dom(f) ×N.

(8) Transposition: If f :⊆ X × N � Y is an operation, then the
transposition [f ] :⊆ X � Y N is defined by

[f ](x) := {(yn)n∈N : (∀n) yn ∈ f(x, n)}
for all x ∈ dom([f ]) := {x : (∀n) (x, n) ∈ dom(f)}.

(9) Exponentiation: If f :⊆ X � Y is an operation, then the expo-
nentiation fN :⊆ XN� Y N is defined by

fN((xn)n∈N) := {(yn)n∈N : (∀n) yn ∈ f(xn)}
for all (xn)n∈N ∈ dom(fN) := {(xn)n∈N : (∀n) xn ∈ dom(f)}.

(10) Sequentialization: If f :⊆ X � N is an operation, then the
sequentialization f4 :⊆ X � NN is defined by

f4(x) := {(yn)n∈N : f(x) = {yn : n ∈ N}}
for all x ∈ dom(f4) := dom(f).

The closure schemes projection, juxtaposition and product can be
used to handle product spaces and analogously, evaluation, transposi-
tion and exponentiation can be used to handle sequence spaces (the lat-
ter three schemes are infinite versions of the former three). In presence
of projection, juxtaposition and product, the classical schemes of sub-
stitution, primitive recursion and minimization can be realized by com-
position, iteration and inversion. Finally, sequentialization is a scheme
which can be used to eliminate indeterminism in certain cases.16

16The definitions of most of the closure schemes are straightforward, although the details
need some care. For instance, a second natural choice for the domain dom(g ◦ f) of the
composition of g and f would be the set {x : f(x) ∩ dom(g) 6= ∅}. However, this definition
would not satisfy Theorem 8.2.
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Theorem 8.2 On topological spaces, all recursive closure schemes pre-
serve lower semi-continuity of multi-valued operations.

A proof can be found in [9]. Using the notations of Definition 8.1, we
tacitly assume for the previous result that U, V, X, Y, Z are topological
spaces and N is endowed with the discrete topology. Moreover, product
and sequence spaces are to be endowed with the corresponding product
topologies. Actually, the closure schemes do not only preserve continu-
ity but computability as well. For the following result we assume that
(U, δU), (V, δV ), (X, δX), (Y, δY ), (Z, δZ) are represented spaces and that
N is represented by δN. Product spaces and sequence spaces are repre-
sented by the corresponding product and sequence representations.

Theorem 8.3 On represented spaces, all recursive closure schemes pre-
serve (strong) computability of multi-valued operations.

Proof. (1) Let f :⊆ X � Y ×Z be (strongly) (δX , [δY , δZ ])–computable
via a computable function F :⊆ NN→ NN. Define G :⊆ NN→ NN by
G〈p, q〉 := π1F 〈p, q〉 for all p, q ∈ NN, where π : NN× NN→ NN is the
usual pairing function and π1 := pr1π−1. Then G is computable and
f1 :⊆ X � Y is (strongly) (δX , δY )–computable via G.
(2) Let f :⊆ X � Y , g :⊆ X � Z be (strongly) (δX , δY )–, (δX , δZ)–
computable via computable functions F, G :⊆ NN → NN, respectively.
Define H :⊆ NN→ NNby H〈p, 〈q, r〉〉 := 〈F 〈p, q〉, G〈p, r〉〉 for all p, q, r ∈
NN. Then H is computable and (f, g) :⊆ X � Y × Z is (strongly)
(δX , [δY , δZ ])–computable via H .
(3) Let f :⊆ X � Y , g :⊆ U � V be (strongly) (δX , δY )–, (δU , δV )–
computable via computable functions F, G :⊆ NN → NN, respectively.
Define H :⊆ NN→ NN by H〈〈p, p′〉, 〈q, r〉〉 := 〈F 〈p, q〉, G〈p′, r〉〉 for all
p, p′, q, r ∈ NN. Then H is computable and f × g :⊆ X × U � Y × V is
(strongly) ([δX , δU ], [δY , δV ])–computable via H .
(4) Let f :⊆ X � Y , g :⊆ Y � Z be (strongly) (δX , δY )–, (δY , δZ)–
computable via computable functions F, G :⊆ NN → NN, respectively.
Define H :⊆ NN→ NNby H〈p, 〈q, r〉〉 := G〈F 〈p, q〉, r〉 for all p, q, r ∈ NN.
Then H is computable and g ◦ f :⊆ X � Z is (strongly) (δX , δZ)–
computable via H .
(5) Let f :⊆ X � X be (strongly) (δX , δX)–computable via a com-
putable function F :⊆ NN→ NN. Define G :⊆ NN→ NN by{

G〈〈p, p′〉, 〈q0, q1, ...〉〉 := p if p′(0) = 0
G〈〈p, p′〉, 〈q0, q1, ...〉〉 := F 〈G〈〈p, n̂〉, 〈q0, q1, ...〉〉, qn〉 if p′(0) = n + 1

for all p, p′, qi ∈ NN, i ∈ N. Then G is computable and f∗ :⊆ X×N� X
is (strongly) ([δX , δN], δX)–computable via G.
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(6) Let f :⊆ X × N � Y × N be ([δX , δN], [δY , δN])–computable via a
computable function F :⊆ NN→ NN. Thus, there is a computable, total,
and monotone function ϕ : N∗ → N∗ which approximates F . Define a
predicate P ⊆ NN× N×N×N by

P := {(p, n, k, i) : π′
1ν

∗(i) v 〈p, k̂〉 and n v π′
2ϕν∗(i)}.

Here, π′
1, π

′
2 : N∗ → N∗ denote computable projections such that w v

〈p, q〉 is equivalent to π′
1(w) v p and π′

2(w) v q. By πi we will denote the
projections of the inverses of the tuple functions NN×NN→ NN, as well
as ofN×N→ N. Since P is decidable it follows that h :⊆ NN×N×N→ N,
defined by{

h(p, n, 0) := µ〈k, i〉[(p, n, k, i) ∈ P ]
h(p, n, m + 1) := µ〈k, i〉[〈k, i〉> h(p, n, m) and (p, n, k, i) ∈ P ]

for all p, n, m, is computable. Define a function G :⊆ NN → NN by
G〈〈p, p′〉, mq〉 := 〈π1F 〈〈p, k̂〉, wq〉, k̂〉 for all p, p′, q ∈ NN, m ∈ N, where
〈k, i〉 := h(p, p′(0), m) and w := π′

2ν
∗(i). Then G is computable and

one can show that f↔ is computable via G. In case of strong com-
putability one has to restrict G to those inputs 〈〈p, p′〉, 〈q, q′〉〉 such that
〈〈p, q〉, q′〉 ∈ dom(F ).
(7) Let f :⊆ X � Y N be (strongly) (δX , δ∞Y )–computable via a com-
putable function F :⊆ NN → NN. Define a function G :⊆ NN → NN

by G〈〈p, p′〉, q〉 := η(F 〈p, q〉, p′(0)) for all p, p′, q ∈ NN, where the eval-
uation function η : NN× N → NN, defined by η(〈p0, p1, ...〉, n) := pn, is
computable. Then G is computable and f∗ :⊆ X × N� Y is (strongly)
([δX , δN], δY )–computable via G.
(8) Let f :⊆ X × N � Y be (strongly) ([δX , δN], δY )–computable via
a computable function F :⊆ NN → NN. Define G :⊆ NN → NN

by G〈p, 〈q0, q1, ...〉〉 := 〈F 〈〈p, 0̂〉, q0〉, F 〈〈p, 1̂〉, q1〉, ...〉 for all p, qi ∈ NN,
i ∈ N. Then G is computable and [f ] :⊆ X � Y N is (strongly) (δX , δ∞Y )–
computable via G.
(9) Let f :⊆ X � Y be (strongly) (δX , δY )–computable via a com-
putable function F :⊆ NN→ NN. Define a function G :⊆ NN→ NN by
G〈〈p0, p1, ...〉, 〈q0, q1, ...〉〉 := 〈F 〈p0, q0〉, F 〈p1, q1〉, ...〉 for all pi, qi ∈ NN,
i ∈ N. Then G is computable and fN :⊆ XN � Y N is (strongly)
(δ∞X , δ∞Y )–computable via G.
(10) Let f :⊆ X � N be (δX , δN)–computable via a computable function
F :⊆ NN→ NN. Define G′ :⊆ NN → NN by G′(p)(n) := δNF 〈p, rn〉 =
F 〈p, rn〉(0) for all p ∈ NN, n ∈ N, where rn := ν∗(n)000... = ν∗(n)0̂.
Since {rn : n ∈ N} is dense in NN and F is continuous, it follows

fδX(p) = {δNF 〈p, q〉 : q ∈ NN} = {G′(p)(n) : n ∈ N}
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for all p ∈ dom(fδX). Now define G :⊆ NN→ NN by

G〈p, q〉〈n, k〉 :=
{

H〈G′(p), q〉(n) if 〈p, q〉 ∈ dom(F )
↑ else

for all p, q ∈ NN and n, k ∈ N, where H is the function given by the
Oracle Lemma 7.2. Then G is computable. By definition of H it follows

f4δX(p) = {r ∈ NN : fδX(p) = range(r)}
= {H〈G′(p), q〉 : q ∈ NN}
= {δ∞NG〈p, q〉 : q ∈ NN}

for all p ∈ dom(f4δX), i.e. f4 :⊆ X � NN is (δX , δ∞N )–computable via
G. Correspondingly, the case of strong computability can be treated. 2

9. Recursive Operations over Structures
In this section we will use the recursive closure schemes to intro-

duce the notion of a recursive operation over a structure. We will con-
sider many-sorted structures (X1, ..., Xn; f1, ..., fk) with a finite number
of pairwise disjoint sets X1, ..., Xn and a finite number of operations
f1, ..., fk. We start with the definition of a prestructure (prestructures
have the property that the operations are not necessarily related to the
universes).

Definition 9.1 (Prestructures) S = (X1, ..., Xn; f1, ..., fk) is called a
many-sorted prestructure with universe X1 × ... × Xn, if X1, ..., Xn are
pairwise disjoint sets and f1, ..., fk are arbitrary operations, called the
initial operations of S.

Usually, we will say for short prestructure instead of many-sorted pre-
structure. In the next step we define the notion of a set over a pre-
structure S = (X1, ..., Xn; f1, ..., fk). Roughly speaking, a set over a
prestructure S is a set that can be constructed as product or sequence
set of the sets X1, ..., Xn. This definition takes into account that we
want to handle product spaces as well as sequential spaces.

Definition 9.2 (Sets and operations over prestructures) Let S =
(X1, ..., Xn; f1, ..., fk) be a prestructure. Then the class of sets over S is
the smallest class of sets such that:

(1) X1, ..., Xn are sets over S,

(2) X × Y and XN are sets over S, if X, Y are sets over S.

An operation f :⊆ X � Y is called an operation over S, if X, Y are sets
over S.
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Now we will single out those prestructures S whose initial operations
are operations over S and we will call them structures.

Definition 9.3 (Structures) A prestructure S is called a structure, if
all initial operations of S are operations over S.

The reason why the universe of a structure S is defined as product
is a technical one: it ensures that the universe itself is a set over S. If
S = (X1, ..., Xn; f1, ..., fk) and T = (Y1, ..., Ym; g1, ..., gl) are structures
such that Y1, ..., Ym ∈ {X1, ..., Xn} and g1, ..., gl ∈ {f1, ..., fk}, then T
is called a substructure of S and we write T v S. Now we proceed to
define recursive operations over structures.

Definition 9.4 (Recursive operations over structures) The class
of recursive operations over a structure S is the smallest class of opera-
tions which contains all initial operations of S and which is closed under
the recursive closure schemes.

From the definition of the closure schemes it is obvious that each
recursive operation over a structure is an operation over that structure.

A constant x ∈ X is called a recursive constant over a structure S, if
the operation {()} → X, () 7→ x is recursive over S (we assume X0 =
{()} for each set X). If there is a constant c ∈ X among the initial
operations of a structure, then we will consider it as zero-ary constant
function X0 → X, () 7→ c with value c. For completeness, we define a
representation δ : NN→ {()} by δ(p) := () for all p ∈ NN, but usually
we will not use this representation explicitly.

A very important structure is the structure of natural numbers which
is given by

N := (N; 0, n, n+ 1).

By “0” we denote the zero-ary constant function N0 → N, () 7→ 0 with
value 0, by “n” the identity idN : N → N, n 7→ n, and by “n + 1” the
successor function S : N→ N, n 7→ n + 1. Here and in the following we
will often use bold letters, as “N”, to distinguish a structure from its
universe. It is routine to prove the following result which shows that the
class of recursive operations over N is quite rich.

Proposition 9.5 Each computable function F :⊆ NN→ NN is recursive
over N.

One can even prove this result without using the closure scheme of
sequentialization, see [9]. In the following we will often need structures
which include the natural numbers and some essential operations. These
structures will be called natural. By idX : X → X, x 7→ x we denote the
identity of X .
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Definition 9.6 (Natural structures) A structure S with universe X
is called natural, if N is a substructure of S, idX is recursive over S and
there is a recursive constant c ∈ X over S.

It is easy to see that for natural structures S = (X1, ..., Xn; f1, ..., fk)
the identity of each set over S is recursive. Especially, the identities
idX1, ..., idXn are recursive, and each set X1, ..., Xn contains at least one
recursive constant.

Sometimes it is also suitable to consider structures where a special
constant operation is available. For each set A ⊆ X we define the
omnipotent operation ΩA : {()}� X, () 7→ A of A, i.e. ΩA is the constant
operation which yields as result ΩA() = A.

Definition 9.7 (Complete structure) A structure S with universe
X is called a complete structure, if ΩX is recursive over S.

Since ΩN = z↔ ◦ 0, where z = (0 × idN)1 denotes the constant zero
function z : N → N, n 7→ 0 and ΩNN = [(ΩN× idN)1], we obtain that
ΩN and ΩNN are recursive over each natural structure. Especially, the
structure N is complete.

Our next goal is to prove that recursive operations are also com-
putable. Therefore, we will first define representations of structures and
computability on structures.

Definition 9.8 (Representations of structures) Consider a struc-
ture S = (X1, ..., Xn; f1, ..., fk) and let δ1, ..., δn be representations of
X1, ..., Xn, respectively. Then δ := [δ1, ..., δn] is called a representation
of S and (S, δ) is called a represented structure.

Using this definition we can extend the notion of computability to
structures.

Definition 9.9 (Computability on structures) Consider a struc-
ture S = (X1, ..., Xn; f1, ..., fk) with representation δ = [δ1, ..., δn]. Now,
let f :⊆ Y � Z be an operation over S and let δY , δZ be representa-
tions of Y, Z, respectively, which are finitely generated from δ1, ..., δn,
correspondingly as Y, Z are finitely generated from X1, ..., Xn. Then
f is called (strongly) computable with respect to δ, if it is (strongly)
(δY , δZ)–computable.

It should be clear how the representations δY , δZ have to be con-
structed correspondingly to Y, Z. If, for instance, Y = (X1×X2)N, then
the corresponding representation is δY = [δ1, δ2]∞. In the next step we
define the notion of an effective structure.
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Definition 9.10 (Effective structures) A structure S is called a
(strongly) effective structure, if there is a representation δ of S such
that all initial operations of S are (strongly) computable with respect
to δ. In this situation S is also called (strongly) effective via δ.

It is easy to see that the structure N is strongly effective via δN. In
the following we will use effective structures where the effectivity on
natural numbers is fixed. We will say that δ = [δ1, ..., δn] is a natural
representation of a natural structure S = (X1, ..., Xn; f1, ..., fk), if Xi =
N implies δi ≡ δN. By structural induction we obtain the following
corollary of Theorem 8.3.

Corollary 9.11 (Recursive operations over effective structures)
If S is a natural structure which is (strongly) effective via a natural
representation δ, then each operation which is recursive over S is also
(strongly) computable with respect to δ.

10. A Stability Theorem for Perfect Structures
In this section we introduce the class of recursive structures and we

will prove that over recursive structures each strongly computable opera-
tion is also recursive. This leads us to the definition of perfect structures
which are both: effective and recursive. Perfect structures have several
nice properties, especially they are categorical in the sense that they
characterize their own computability theory. In order to define recursive
structures, we will use the notion of a recursive retraction.

Definition 10.1 (Recursive retraction) An operation f :⊆ X � Y
over a structure S is called a recursive retraction over S, if it is recursive
and if it admits a recursive right inverse operation f− : Y � X over S,
i.e. f ◦ f− = idY .

If f is a recursive retraction, then the restriction of f to range(f−) is
a surjective function. A structure will be called strongly recursive, if it
admits a representation which is a recursive retraction.

Definition 10.2 (Recursive structure) Let S be a structure. Then

(1) S is called a recursive structure, if there is a representation δ of
S, which admits a recursive extension, as well as a recursive right
inverse operation over S,

(2) S is called a strongly recursive structure, if there is a representation
δ of S which is a recursive retraction over S.

In these cases S is also called (strongly) recursive via δ.
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Intuitively, a strongly recursive structure is a structure with a repre-
sentation which can be “synthesized” as well as “analyzed” within the
structure.By the following lemma δ = [δ1, ..., δn] is a recursive retraction,
if δ1, ..., δn are.

Lemma 10.3 Let S be a natural structure and let δi :⊆ NN → Xi,
i = 1, ..., n, δ :⊆ NN→ X be representations. If δ1, ..., δn, δ are recursive
retractions over S, then so are [δ1, ..., δn] and δ∞.

Vice versa, it is easy to see that δ1, ..., δn are recursive retractions over
S, if δ = [δ1, ..., δn] is a recursive retraction over S. Now we prove that
the structure of natural numbers is recursive.

Proposition 10.4 The structure N is strongly recursive via δN.

Proof. The representation δN= (idNN)∗ ◦ (idNN ×0) is recursive over N.
Define f : N× N� N by f(k, 0) := k and f(k, n + 1) := ΩN(). Then f
is recursive over N and so is δ−1

N = [f ]. 2

Since the structure of natural numbers is recursive it makes sense to
apply the notion of recursiveness to natural structures. Now we can
prove the announced converse version of Corollary 9.11.

Theorem 10.5 (Comp. operations over recursive structures) If
S is a natural structure which is strongly recursive via a representation
δ, then each operation over S which is strongly computable with respect
to δ is also recursive over S.

Proof. Let S = (X1, ..., Xn; f1, ..., fk), let δ = [δ1, ..., δn], and let
f :⊆ X � Y be an operation over S. Then X, Y are finitely generated
by product and sequence constructions from the sets X1, ..., Xn. Let
δX , δY be the corresponding representations, constructed from δ1, ..., δn.
By structural induction one can deduce from Lemma 10.3 that δX , as
well as δY , are recursive retractions. Now let δ−X : X � NN be a right
inverse of δX , such that δ−X is recursive over S. Let f :⊆ X � Y be
strongly (δX , δY )–computable via a computable function F :⊆ NN→ NN.
Then one obtains f = δY ◦ F ◦ 〈δ−X × ΩNN〉 and it follows that f is re-
cursive over S: since F is computable, it is recursive over N by Propo-
sition 9.5 and 〈δ−X × ΩNN〉 is recursive over S, since the tupling function
〈.〉 : NN× NN→ NN, δ−X and ΩNN are recursive over S. Altogether, f is
recursive over S. 2

From the proof we can also conclude the following property of com-
putable operations over recursive structures.
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Corollary 10.6 (Comp. operations over recursive structures) If
S is a natural structure which is recursive via a representation δ, then
each operation over S which is computable with respect to δ also admits
a recursive extension over S.

We have seen that over effective structures recursive operations are
computable and over recursive structures computable operations are re-
cursive. Thus, it makes sense to consider structures which are both,
recursive and effective. We will see that such structures have very nice
properties. The first result states that for such structures there is a
unique effectivity which is characterized by the structure itself.

Theorem 10.7 (Stability theorem) If S is a natural structure which
is recursive via a representation δ and which is effective via a natural
representation δ′, then δ ≡ δ′.

Proof. Let S be a natural structure which is recursive via a represen-
tation δ and which is effective via a natural representation δ′. Without
loss of generality, let X = N×X2× ...×Xn be the universe of S and let
δ′ = [δ′1, ..., δ

′
n]. Since δ′ is a natural representation δ′∞1 ≡ δ∞N ≡ idNN .

Let δ+ be an extension of δ and let δ− be a right inverse operation of δ
which are recursive over S. Then δ− := (δ−)−1 is a representation of S
too. We prove δ ≡ δ+ ≡ δ′ ≡ δ−.
“δ ≤ δ+” Since δ+ is an extension of δ, we obtain δ ≤ δ+.
“δ+ ≤ δ′” By Corollary 9.11 it follows that δ+ is computable with respect
to δ′, i.e. δ+ is (δ′∞1 , δ′)–computable. Thus, δ+ is (idNN , δ′)–computable.
But this means δ+ ≤ δ′.
“δ′ ≤ δ−” Again we can deduce by Corollary 9.11 that δ− is (δ′, δ′∞1 )–
computable and thus (δ′, idNN)–computable, i.e. there is a computable
function F :⊆ NN → NN such that δ−δ′(p) = {F 〈p, q〉 : q ∈ NN} for
all p ∈ dom(δ−δ′) = dom(δ′). Then G :⊆ NN → NN, defined by
G(p) := F 〈p, p〉 for all p ∈ NN is computable and δ′(p) = δ−G(p) for
all p ∈ dom(δ′), i.e. δ′ ≤ δ−.
“δ− ≤ δ” Since δ− is a right inverse operation of δ, it follows that δ− is
a restriction of δ and thus δ− ≤ δ. 2

We can deduce that, if a structure S is recursive, then all natural
representations δ such that S is effective via δ are equivalent. Thus,
if S is recursive and effective, then it is effectively categorical, a notion
that has been used in a similar setting by Hertling [29]. But even more,
if S is effective via a natural representation, then all representations δ
which are recursive retractions over S are also equivalent. Thus, if S
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is recursive and effective, then it has a further property which could be
called recursively categorical.

It should be mentioned that there is no hope for a corresponding re-
sult without the restriction to natural representations. As long as we do
not demand any evaluation property for the output, we can effectivize
a structure just by using terms and their evaluations. The situation
changes if we do fix effectivity for at least one “output sort”. For in-
stance, in the classical setting this can be done by fixing effectivity for
the boolean sort, i.e. the “output sort” of predicates.17 In our setting,
we have fixed effectivity on the natural numbers. The Stability Theorem
gives rise to the following definition.

Definition 10.8 (Perfect structures) A natural structure S is called
(strongly) perfect, if it is (strongly) recursive and (strongly) effective via
a natural representation. In this situation each natural representation
δ such that S is (strongly) recursive via δ is called a (strong) standard
representation of S.

It is easy to see that N is a strongly perfect structure with strong
standard representation δN. The Stability Theorem states that perfect
structures uniquely characterize their effectivity. Especially, all standard
representations of a perfect structure and all natural representations
which make this structure effective belong to the same equivalence class.
Therefore, we can define computability over perfect structures without
mentioning any special representation.

Definition 10.9 (Comp. operations over perfect structures) An
operation f over a perfect structure S is called (strongly) computable over
S, if it is (strongly) computable with respect to a standard representa-
tion δ of S.

Now we can formulate a corollary of Theorem 10.5 and Corollary 9.11
which characterizes recursive operations over strongly perfect structures.
The corresponding statement for perfect structures follows from Corol-
lary 10.6 and Corollary 9.11

Theorem 10.10 (Operations over perfect structures) An opera-
tion over a strongly perfect structure is strongly computable, if and only
if it is recursive. An operation over a perfect structure is computable, if
and only if it admits a recursive extension.

17This is the case in Mal’cev’s Stability Theorem for finitely generated algebras [39, 54],
which can be considered as a special version of the Stability Theorem 10.7, see [10].
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Finally, we obtain an Extension Theorem for operations over strongly
perfect structures as a combination of both results.

Corollary 10.11 (Extension Theorem) Each computable operation
over a strongly perfect structure admits a strongly computable extension.

Another nice property of strongly perfect structures is the property of
conservative extension. Consider a natural structure S with an extension
S ′, i.e. a structure S ′ such that S v S ′. In general, the additional initial
operations of S ′ could increase the class of recursive operations even over
the universe of S. The following theorem states that this cannot happen
over perfect structures.

Theorem 10.12 (Conservation Theorem) Let S v S ′ be strongly
perfect structures and let f be an operation over S. Then f is recursive
over S, if and only if f is recursive over S ′.

Proof. Without loss of generality, we assume S = (X1, ..., Xn; f1, ..., fk)
and S ′ = (X1, ..., Xn+1; f1, ..., fm) with m ≥ k. The general case can
be deduced by induction. Let δ = [δ1, ..., δn] and δ′ = [δ′1, ..., δ′n+1] be
standard representations of S, S ′, respectively. Then S ′ is effective via
δ′ and hence S is effective via δ′′ := [δ′1, ..., δ′n]. On the other hand, S
is effective via δ and since S is perfect we can conclude δ ≡ δ′′ by the
Stability Theorem 10.7. If f is recursive over S, then f obviously is
recursive over S ′ too. If f is an operation over S which is recursive over
S ′, then f is strongly computable over S ′ by Theorem 10.10, since S ′ is
strongly perfect. Thus, f is strongly computable with respect to δ′ and
thus with respect to δ′′. Consequently, f is strongly computable with
respect to δ too and thus it is recursive over S by Theorem 10.10, since
S is strongly perfect. 2

If we revisit the proof, then we obtain the following version of the
Conservation Theorem for perfect structures.

Corollary 10.13 Let S v S ′ be perfect structures and let f be an oper-
ation over S. Then f admits a recursive extension over S, if and only
if it admits a recursive extension over S ′.

We close this section with a short meta-analysis of our results. We
have already mentioned that for the proof of Proposition 9.5 it suffices
to use all recursive closure schemes besides sequentialization. Proposi-
tion 9.5 has been used for the proof of Theorem 10.5. But neither for
this theorem nor for the other results of this section we have used the se-
quentialization operator. Indeed, all results on perfect structures remain
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true, if we exclude sequentialization from our recursive closure schemes.
However, the class of perfect structures could be smaller in this case and
this is the reason why we have included sequentialization.

11. Topological and Metric Structures
In the previous section we have seen that perfect structures have some

nice properties but we have not proved that there are any interesting
perfect structures. In this section we will show that T0–spaces with
countable bases admit perfect topological structures and we will define
a perfect standard structure for separable metric spaces. We start with
the definition of the notion of a topological structure. It is natural to
assume that the universes of such structures are topological spaces and
that the initial operations are continuous.

Definition 11.1 (Topological structure) A topological structure is a
structure S = (X1, ..., Xn; f1, ..., fk) where X1, ..., Xn are endowed with
topologies and all initial operations f1, ..., fk are lower semi-continuous
with respect to the corresponding product topologies. Moreover, S is
called natural topological structure, if S is a natural structure and the
natural numbers come equipped with the discrete topology.

If Y is a set over a structure S, then it inherits a product topology
which is generated from the topologies of X1, ..., Xn, correspondingly as
Y is generated from the sets X1, ..., Xn. In this situation we will say that
Y is a topological space over S. In the following we will sometimes use
short names for topological structures with additional properties. For
instance, a “metric structure” will be a topological structure where the
universe is endowed with a metric. As we have seen in Theorem 8.2, all
recursive closure schemes preserve lower semi-continuity. Therefore, we
obtain immediately the following corollary.

Corollary 11.2 (Continuity of recursive operations) All recursive
operations over natural topological structures are lower semi-continuous.

In the following, by S⊕T := (X1, ..., Xn, Y1, ..., Ym; f1, ..., fk, g1, ..., gl)
we will denote the union of a prestructure S = (X1, ..., Xn; f1, ..., fk) with
a prestructure T = (Y1, ..., Ym; g1, ..., gl). If X is a second countable T0–
space with standard representation δ, then δ is open and continuous,
hence δ, as well as δ−1 : X � NN, are lower semi-continuous. If there
is some computable point p ∈ dom(δ), then X = N ⊕ (X ; δ, δ−1) is a
natural topological structure. Obviously, δ′ := [δN, δ] is a representation
of X and X is recursive via δ′. Moreover, X is also effective via δ′ since
δ is (idNN , δ)–computable and δ−1 is (δ, idNN)–computable by the Oracle
Lemma 7.2. Altogether we obtain the following result.
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Theorem 11.3 (Perfect topological structures) If X is a second
countable T0–space with standard representation δ such that there is some
computable point in dom(δ), then X = N⊕ (X ; δ, δ−1) is a perfect topo-
logical structure with standard representation [δN, δ].

Here, second countability is not only a sufficient but even a necessary
condition. If X is a natural topological structure which is recursive via
some representation δ, then there exists some right inverse δ− of δ which
is recursive over X. Then {(δ−)−1(wNN) : w ∈ N∗} is a countable base
of X . Thus, we have proved the following result.

Proposition 11.4 If S is a recursive topological structure with universe
X , then the topology of X has a countable base.

By Theorem 11.3 we know that any second countable T0–space admits
a perfect topological structure, but the structure given in Theorem 11.3
is quite artificial because it contains a representation and its inverse as
initial operations. In the following we will see that separable metric
spaces admit far more natural structures. As a special case we first
investigate a structure for the real numbers. As usual, 0 and 1 denote the
corresponding real constants, +,−, ·, / the usual arithmetic operations
on the real numbers with their natural domains. By < we denote the
semi-characteristic operation of the usual order relation:

c< : R×R� N, (x, y) 7→
{ {0, 1} if x < y

{1} else

This definition will be generalized and discussed below. As before,
Lim :⊆ RN→ R denotes the limit operator (restricted to rapidly con-
verging sequences) with respect to the Euclidean distance.

Theorem 11.5 (The structure of the real numbers) The structure

R := N ⊕ (R; 0, 1, x+ y,−x, x · y, 1/x, Lim, x < y)

is a strongly perfect complete topological structure and the Cauchy rep-
resentation yields a standard representation of this structure.

Proof. Obviously, all arithmetic operations are continuous with respect
to the Euclidean topology. The limit operation is continuous (with re-
spect to the product topology on RN), since it is restricted to rapidly
converging sequences and c< is lower semi-continuous since < is open.
Altogether, R is a natural topological structure. It is easy to see that the
notation of rational numbers νQ is recursive over R and thus the Cauchy
representation δR= Lim ◦ νNQ is recursive over R as well. By the Heron
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algorithm one can prove that the square root function x 7→ √
x is recur-

sive over R and it follows that the absolute value function and hence the
Euclidean metric dR(x, y) = |x − y| are recursive over R. Using these
facts, one can show that there is a recursive function f : R×N� N over
R such that graph(f) = {(x, k, n) ∈ R×N×N : dR(νQ(n), x) < 2−k−1}.
Hence, δ− := [f ] : R� NN is recursive over R and it is a right inverse of
δR. Altogether, it follows that R is strongly recursive via δR. It remains
to prove that R is strongly effective via δRas well. It is routine to prove
that the arithmetic operations are strongly computable with respect to
the Cauchy representation. By Proposition 5.3 it follows that the limit
operation is computable as well and using completeness one can show
that Lim is even strongly computable. Finally, the semi-characteristic
operation c< : R× R � N is strongly computable via the function
F : NN→ NN, defined by

F 〈〈p, p′〉, q〉 :=
{

0̂ if νQpq(0) < νQp′q(0)− 2−q(0)+1 and q(1) = 0
1̂ else

for all p, p′, q ∈ NN. 2

More precisely, [δN, δR] is a standard representation of R. As a direct
consequence of this theorem and Theorem 10.10, we can deduce that the
recursive functions over R are exactly the strongly computable ones. As
a special case we obtain that the total recursive functions f : Rn → R

over R are exactly the classically computable functions (according to
Grzegorczyk’s and Lacombe’s definitions [24, 36]).

Corollary 11.6 The recursive functions f : Rn → R over R are exactly
the classically computable real functions.

As long as we are only interested in total functions, we can obtain
the same class of recursive functions even without using the order at all.
More precisely, we will consider the order-free structure of the real num-
bers R? := N⊕ (R; 0, 1, x+y,−x, x ·y, 1/x,Lim). Shepherdson observed
that the effective version of the Weierstraß Approximation Theorem im-
plies that computable functions f : [0, 1] → R have straight-line pro-
grams [51]. Generalizing this idea one can prove the following theorem
on order-free recursion. The proof uses special properties of R, such as
local compactness (see [8, 9] for details).

Theorem 11.7 (Order-free recursion) A function f : Rn → R is
recursive over R?, if and only if it is recursive over R.

However, one cannot expect that the structure R? is perfect since oth-
erwise the semi-characteristic operation c< of the order relation would
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have to be recursive over R? by the Conservation Theorem, i.e. Corol-
lary 10.13. As we will see in the following, the perfectness result on R
can be generalized to recursive metric spaces. As usual, we denote by
Lim :⊆ XN → X the limit operation (restricted to rapidly converging
sequences).

Theorem 11.8 (Metric structures) If (X, d, α) is a (complete) re-
cursive metric space, then

X := R ⊕ (X ; α, id, d, Lim)

is a (strongly) perfect (complete) topological structure. The Cauchy rep-
resentation yields a standard representation of this structure.

More precisely, if δX is the Cauchy representation of the space X ,
then [δN, δR, δX ] is a standard representation of X. The proof is based
on Proposition 5.3 and a generalization of the proof of Theorem 11.5.
The structure X is already a bit more natural than the structure given
in Theorem 11.3. However, in many concrete cases it is even possible
to “decompose” α with the help of the algebraic structure of the given
space. We have seen this already in case of the real number structure R.
We give two further examples. Again, we will use a λ-like notation for
operations as injection X → K(X), x 7→ {x}, union of compact subsets
K(X)× K(X) 7→ K(X), (A,B) 7→ A ∪ B, and the scalar product of the
function space R× C[0, 1] → C[0, 1], (y, f) 7→ y · f etc.

Example 11.9 (Perfect metric structures)

(1) If (X, d) is a (complete) recursive metric space, then the structure

K(X) := X ⊕ (K(X); {x}, A,A∪ B, dK, Lim)

is a (strongly) perfect topological structure with respect to the
topology generated by the Hausdorff metric dK.

(2) The structure

C[0, 1] := R⊕ (C[0, 1]; 1, f, y · f, f + g, f · g, ||f ||, Lim)

is a strongly perfect topological structure with respect to the topol-
ogy of uniform convergence generated by the supremum norm || ||.

Here “1” denotes the constant function in C[0, 1] with value 1 and
Lim denotes the limit operation on the corresponding space. Proofs and
a detailed discussion of further examples can be found in [9]. By the
Stability Theorem 10.7 the results of this section especially show that
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the structures R and X are effectively categorical. This has already
been proved in a slightly different setting by Hertling [29]. By results
of Hemmerling [28] it follows that effectively categorical structures for
recursive metric spaces necessarily include infinitary operations (as Lim).
Since second countable T0–spaces are quasi-metrizable, it is promising
to transfer the considerations of this section to computable quasi-metric
spaces [12].

12. Recursive Sets over Structures
In Section 6 we have discussed effective subsets of recursive metric

spaces. In this section we want to characterize these notions by some
canonical abstract definitions for sets over structures which are presented
in the following definition. If A ⊆ X , then we sometimes write Ac :=
X \ A for the complement of A.

Definition 12.1 (Recursive sets over structures) Let S be a nat-
ural structure, let X be a set over S and let A ⊆ X .

(1) A is initially semi-recursive over S, if there exists a total recursive
operation f : X � N over S such that A = f−1{0}.

(2) A is finally semi-recursive over S, if there exists a partial recursive
operation f :⊆ N� X over S such that A = f{0}.

(3) A is recursive over S, if A is finally semi-recursive and X \ A is
initially semi-recursive over S.

(4) A is decidable over S, if there exists a total recursive function
f : X → N over S such that A = f−1{0}.

In the following we will say for short semi-recursive instead of initially
semi-recursive. Obviously, the empty set ∅, considered as a subset of a
set X over a natural structure S, is always recursive and decidable. Fur-
thermore, the set X , considered as a subset of itself, is always initially
semi-recursive and decidable over S and X is also finally semi-recursive
and hence recursive over S, if and only if ΩX is recursive over S. In gen-
eral, it is easy to see that over a natural structure S a non-empty subset
A is finally semi-recursive, if and only if ΩA is recursive over S. Espe-
cially, all sets over complete structures are finally semi-recursive and a
point x ∈ X is recursive over S, if and only if {x} is finally semi-recursive
over X . Over natural structures S a subset A is decidable, if and only
if its characteristic function cfA is recursive over S. We introduce the
semi-characteristic operation to characterize semi-recursive sets A in a
corresponding way.
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Definition 12.2 (Semi-characteristic operation) For each set X
and each subset A ⊆ X we define the semi-characteristic operation
cA : X � N of A by

cA(x) :=
{ {0, 1} if x ∈ A

{1} else

With this notation a subset A over a natural structure S is semi-
recursive, if and only if cA is recursive over S. The intuition behind a
semi-characteristic operation cA is that it operates as follows: for any
input x ∈ X the operation can answer “no” (indicated by the value 1),
but exactly for all inputs x ∈ A there has to be a computation such that
the operation yields the answer “yes” (indicated by the value 0).

It is easy to see that semi-recursive and decidable sets are closed un-
der intersection and semi-recursive, finally semi-recursive, recursive and
decidable sets are closed under union. Decidable subsets are obviously
closed under complement as well and, as in the classical case we obtain
that a subset A ⊆ X of a set X over a natural structure S is decidable
over S, if and only if A and Ac are semi-recursive over S. Moreover,
semi-recursive sets are closed under preimage of recursive operations and
finally semi-recursive sets under the image (provided they are contained
in the domain). Over complete natural structures, semi-recursiveness
implies final semi-recursiveness.

Proposition 12.3 Over complete natural structures each semi-recursive
set is also finally semi-recursive and each decidable subset is recursive.

For any operation f :⊆ X � Y ×N we call f0 :⊆ X � Y , defined by
f0 := ((f ◦ pr1)↔)1 ◦ (idX × 0), the section of f . This name is justified
since one obtains f0(x) = {y ∈ Y : (y, 0) ∈ f(x)}. The proof of the
proposition follows immediately from ΩA = ((idX , cA) ◦ΩX)0. The next
important property is an “uniformization property” which states that
semi-recursive sets are graphs of recursive operations.

Theorem 12.4 (Uniformization Theorem) Let X, Y be sets over a
natural structure S and let A ⊆ X×Y . If Y is finally semi-recursive and
A semi-recursive over S, then there is a recursive operation f :⊆ X � Y
such that graph(f) = A.

Proof. Define g : X × Y � Y × N by g(x, y) := (y, cA(x, y)) for all
(x, y) ∈ X × Y . Then g is recursive over S and so is f :⊆ X � Y ,
defined by f := (g ◦ (idX × ΩY ))0. Finally, graph(f) = A. 2
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Implicitly, the Uniformization Theorem has already been applied in
the proof of Theorem 11.5. For a special class of structures we can for-
mulate further implications among the introduced notions of effectivity.
If X is a set over a structure S, then the equality on X is the predicate
=X , that is the set {(x, x) : x = x} ⊆ X × X . Over natural struc-
tures with semi-recursive equality each finally semi-recursive subset is
also semi-recursive. The proof immediately follows from the formula
cA = c=X

◦ (ΩA × idX) for all A ⊆ X . Together with Proposition 12.3
we get the following corollary.

Corollary 12.5 Over complete natural structures with semi-recursive
equality a subset is semi-recursive, if and only if it is finally semi-
recursive and a subset is decidable, if and only if it is recursive.

This situation is similar to classical recursion theory. Analogously, we
can prove the following result.

Theorem 12.6 (Graph Theorem with equality) Let S be a com-
plete natural structure, f :⊆ X � Y an operation over S, and let the
equality =Y be semi-recursive over S. Then f is recursive and dom(f)
is semi-recursive over S, if and only if graph(f) is semi-recursive.

Proof. Let f be recursive and dom(f) semi-recursive. Since we ob-
tain Ωgraph(f) = (idX , f) ◦ Ωdom(f) it follows by Corollary 12.5 that
graph(f) is semi-recursive. Now let graph(f) be semi-recursive. Then
f is recursive over S by the Uniformization Theorem 12.4. Moreover,
cdom(f) = cgraph(f) ◦ (idX × ΩY ), i.e. dom(f) is semi-recursive. 2

However, perfect structures with semi-recursive equality have neces-
sarily a countable universe (which follows from an easy cardinality ar-
gument, see [9]). Thus, structures with semi-recursive equality are not
very relevant for spaces which occur in analysis. The next best property
which one could expect is semi-recursiveness of inequality. Correspond-
ing to equality, inequality on X is the predicate 6=X , that is the set
{(x, y) : x 6= y} ⊆ X × X . Over complete natural structures semi-
recursiveness of the inequality already implies recursiveness of equality.
This follows since =X is equal to range((idX , idX) ◦ ΩX). Next, we will
prove that over structures with inequality a point is recursive, if and
only if the corresponding single-valued set is recursive.

Proposition 12.7 Let S be a natural structure, X a set over S such
that inequality 6=X is semi-recursive over S, and let x ∈ X . Then x is
recursive over S, if and only if {x} is recursive over S.
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Proof. Obviously, x is recursive over S, if and only if {x} is finally
semi-recursive over S. Thus we only have to prove that the complement
{x}c is semi-recursive, if {x} is finally semi-recursive over S. This fol-
lows immediately from c 6=X

(Ω{x}, y) = c{x}c(y) for all y ∈ X . 2

Finally, we mention that for perfect structures with inequality we can
at least obtain one direction of the Graph Theorem.

Theorem 12.8 (Graph Theorem with inequality) Let S be a per-
fect structure, f :⊆ X → Y a function over S and let 6=Y be semi-
recursive over S. If dom(f) and f are recursive over S, then graph(f)
is recursive over S.

The proof can be found in [9]. Next we want to consider recursive,
semi-recursive and decidable sets over topological structures. Let X be
a topological space and A ⊆ X . Since {0} is an open subset of N and
c−1
A {0} = A, the characteristic operation cA : X � N is lower semi-

continuous, if and only if A is open. Thus we can immediately deduce
some facts about (semi-)recursive sets over topological structures.

Proposition 12.9 Over natural topological structures semi-recursive
subsets are open, recursive subsets are closed and decidable subsets are
open and closed.

We can directly conclude that there are no non-trivial decidable sub-
sets over connected topological structures.

Corollary 12.10 Let S be a topological structure, X a connected topo-
logical space over S. If A ⊆ X is a decidable subset over S then A = ∅
or A = X .

As a further corollary we can derive necessary topological properties
of topological structures with equality and inequality.

Corollary 12.11 Let S be a natural topological structure and let X be
a topological space over S.

(1) If 6=X is semi-recursive over S, then X is a Hausdorff space.

(2) If =X is semi-recursive over S, then X is a discrete space.

The proof follows directly, since in the first case, =X is a closed subset
of X ×X and in the second case an open subset. If, in the second case,
the structure S, additionally, is effective via a natural representation,
then we know that X is even a countable discrete space. Our metric
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standard structures actually have semi-recursive inequalities which is
easy to see.

Proposition 12.12 If X is a recursive metric space, then 6=X is semi-
recursive over X and if X , additionally, is complete, then 6=X is even
recursive over X.

Here, the second part of the statement follows directly from Theorem
11.3 and Proposition 12.3. We close this section with a characterization
of effective subsets over metric structures.

Theorem 12.13 (Recursive sets over metric structures) Let X
be a recursive metric space and A ⊆ X . Then A is semi-recursive over
X, if and only if Ac is co-r.e. closed. If, additionally, X is complete and
A closed, then A is finally semi-recursive over X, if and only if A is r.e.
closed and A is recursive over X, if and only if A is recursive.

This result shows that the notions which we have introduced in Defi-
nition 12.1 are compatible with those of Section 6. The details are left
to the reader and can be found in [9].
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[35] B. A. Kušner, Lectures on Constructive Mathematical Analysis. American Math-
ematical Society, Providence 1984.

[36] D. Lacombe, Extension de la notion de fonction récursive aux fonctions d’une ou
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