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A connection between the computability of an arc and the computability of its
endpoints has been very well studied. Miller has shown in [4] that there exists a com-
putable arc in R2 with noncomputable endpoints. However, a computable arc in R has
to be of the form [a, b], where a and b are computable real numbers. On the other hand,
it is known that if endpoints of a semicomputable arc are computable, then the arc is
computable ([1, 5]).

Endpoints of a segment in R have an interesting property. Namely, if x0 is an
endpoint, than any other point in the segment is uniquely determined by its distance
from x0, i.e. we have that d(x, x0) = d(y, x0) implies x = y. In a general metric space
(X, d), we say that a point with such property is a metric basis for (X, d) [3]. Using
this notion, we generalise the result for computable arcs in R to computable metric
spaces. Here the assumption of effective compactness of the underlying computable
metric space (X, d, α) plays an important role.

Theorem 1. Assume that (X, d, α) is effectively compact computable metric space
such that the space (X, d) has finitely many connected components. If x0 ∈ X is
metric basis for (X, d), then x0 is a computable point in (X, d, α).

That (X, d, α) is effectively compact means that (X, d) is compact and that there
is a computable function φ : N → N such that for each k ∈ N

X =

φ(k)⋃
i=0

B(αi, 2
−k).

Effective compactness of (X, d, α) is actually equivalent to X being a computable set
in (X, d, α).

If a, b ∈ Rn then a and b are metric bases for the line segment ab. So, Theorem 1
easily implies that a computable segment in Rn has computable endpoints.

Example 1. The assumption of effective compactness in Theorem 1 cannot be omitted.
Assume that γ is a positive real number which is left computable but not computable.
The segment [0, γ] can be viewed as a subspace of the standard computable metric
space on R ([2]). Obviously γ is a metric basis for [0, γ], but it is not computable
in [0, γ]. However, in this example 0 is also a metric basis, so at least there exists a
computable metric basis.
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We can look at the segment [−γ, γ]. Using dense computable sequence in [0, γ] we
can easily construct a dense computable sequence in [−γ, γ], so this segment can also
be viewed as a subspace of the standard computable metric space on R. However, here
neither of the points −γ, γ (which are only metric bases) are not computable.

The results of Theorem 1 can be extended to some non-compact cases. We have
proved the following.

Theorem 2. Let (X, d, α) be a computable metric space which has the effective cov-
ering property and compact closed balls. Suppose (X, d) is homeomorphic to [0,+∞⟩
(i.e. (X, d) is a topological ray). If x0 is a metric basis for (X, d) then x0 is a com-
putable point in (X, d, α).
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