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Computability on N

Function f : N — N is recursive is there exists a Turing machine
that computes it.
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Computability on N

Function f : N — N is recursive is there exists a Turing machine
that computes it.
Function g : N¥ — Q is recursive if there exist recursive functions
a, b, c : Nk — N such that

b(x)

x) = (=120 =22 vx k
8 = ()", e N

Set S C N¥ is recursively enumerable if it is an image of some
recursive function from N to NX.

Proposition

If S, T C Nk are recursively enumerable, then SN'T and SU T are
recursively enumerable.
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Computable metric space

Function f : N — R is recursive if there exists recursive function
F : N*t1 — Q such that

1f(x) — F(x,n)] <27", ¥x € Nk ¥n e N.

Computable metric space (X, d, «) is metric space (X, d) together
with sequence o : N — X whose image is dense in X and such
that function N> — R, (i,j) — d(a;, ay) is recursive.

If « : N — Q is recursive surjection, then a(N) is dense in R, and
function (i, /) — |aj — «;j| is recursive. That means that R with
standard metric and sequence « is computable metric space.
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Computable point

We say that x € R is a computable number if there exists a
recursive function f : N — Q such that

Ix — f(k)] <275, Vk €N,

4/32



Computability of irreducible continua

Computable point

We say that x € R is a computable number if there exists a
recursive function f : N — Q such that

Ix — f(k)] <275, Vk €N,

Let (X, d,«) be a computable metric space. We say that x € X is
a computable point if there exists a recursive function f : N — N
such that

d(X,Oéf(k)) < 2_k, Vk € N.

4/32



Computability of irreducible continua

Computable point

We say that x € R is a computable number if there exists a
recursive function f : N — Q such that

Ix — f(k)] <275, Vk €N,

Let (X, d,«) be a computable metric space. We say that x € X is
a computable point if there exists a recursive function f : N — N
such that

d(X,Oéf(k)) < 2_k, Vk € N.

Sequence x : N — X is computable if there exists recursive
function g : N> — N such that

d(xn, Qg(niy) <275, Vn,k € N.
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Computable set

Let [] : N — P(N) be a recursive function whose image is family
of all finite nonempty subsets of N.
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Computable set

Let [] : N — P(N) be a recursive function whose image is family
of all finite nonempty subsets of N.

Let (X, d,a) be a computable metric space.

For S, T C X and € > 0, we denote S =, T if
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Computable set

Let [] : N — P(N) be a recursive function whose image is family
of all finite nonempty subsets of N.

Let (X, d,a) be a computable metric space.

For S, T C X and € > 0, we denote S =, T if

(Vx € S)(Jy € T)(d(x,y) <e) and (Vy € T)(Ix € S)(d(x,y) < ¢).

Compact set S C X is computable if there exists recursive function
f :N — N such that

S~y a([f(K)]), ¥k € N.
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Rational open sets

Fori€ Nand r € Q, r >0, we say that B(«;, r) is a rational open
ball in (X, d,a). Finite unions of rational open balls are called
rational open sets.
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Rational open sets

Fori€ Nand r € Q, r >0, we say that B(«;, r) is a rational open
ball in (X, d,a). Finite unions of rational open balls are called
rational open sets.

If g : N — Q is recursive function, and g(N) = QN (0, c0), we can
recursively enumerate the set of all rational open balls using g and
a.

We denote that sequence of rational open balls with (/;);en-
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Rational open sets

Fori€ Nand r € Q, r >0, we say that B(«;, r) is a rational open
ball in (X, d,a). Finite unions of rational open balls are called
rational open sets.
If g : N — Q is recursive function, and g(N) = QN (0, c0), we can
recursively enumerate the set of all rational open balls using g and
a.
We denote that sequence of rational open balls with (/;);en-
Then

(Jj)jeN, Ji= U l;

ielj]

is a sequence of all rational open sets.
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We define relation ¢:
For I; = B(cj, ri) and I; = B(cj, rj) we define I; o [; iff
d(cj, Cj) > ri+ .
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We define relation ¢:
For I; = B(cj, ri) and I; = B(cj, rj) we define I; o [; iff
d(cj, Cj) > ri+ .

I; <>/j =N /J =0
For J, and J, we define J, o J, iff Vi € [u] Vj € [v] ;o I;.
Juody=J,NJ, =10
Set {(u,v) € N2 | J, o J,} is recursively enumerable.
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We define relation Cp:
For I; = B(cj, r;) and I; = B(cj, r;) we define I; CF I iff
d(ci,¢j)+ri<r.
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We define relation Cp:
For I; = B(cj, r;) and I; = B(cj, r;) we define I; CF I iff
d(ci,¢j)+ri<r.

iCrli=1;C|
For J, and J, we define J, Cr J, iff Vi € [u] 3j € [v] i CF ;.
JuCrdh = JuCJy
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Semicomputable set

Closed set S C X is computably enumerable if set
{ieN|inS # 0} is recursively enumerable.
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computably enumerable.

If S C X is computably enumerable and complete, then there exists
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Semicomputable set

Closed set S C X is computably enumerable if set
{ieN|inS # 0} is recursively enumerable.

If (x)nen is @ computable sequence, then set {x(n) | n € N} is
computably enumerable.

If S C X is computably enumerable and complete, then there exists
a computable sequence (x)pen such that S = {x(n) | n € N}.

Compact set S C X is semicomputable if {j e N | S C J;} is
recursively enumerable.

S computable =S semicomputable
S semicomputable == S computable

11/32



Computability of irreducible continua

semicomputability = computability

Semicomputability does imply computability if we have some
additional topological assumptions on 5. For example, if S is
homeomorphic to the sphere S”.
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semicomputability = computability

Semicomputability does imply computability if we have some
additional topological assumptions on 5. For example, if S is
homeomorphic to the sphere S”.

Arc is a topological space homeomorphic to the set [0, 1].

Let L be an arc, and f : [0,1] — L homeomorphism. Then f(0)
and f(1) are called the endpoints of L.

Let (X,d,a) be a computable metric space, and S C X
semicomputable. If S is a semicomputable arc with computable
endpoints, then S is computable.
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Chainable continuum

Let X be a set. Finite sequence (y, ..., C, of subsets of X is
called a chain in X if

GNG#D<=|i—jl <1

Go G G G Cy Cs

Chain in metric space is said to be an open e—chain if all links C;
are open sets, and diam C; < e fori=0,...,n.

Continuum is a compact connected metric space.
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Chainable continuum

Let (X, d) be continuum, and a, b € X. Continuum X is said to be
chainable from a to b if for every € > 0 there exists open €—chain
Co,...,Cpsuch that ae€ Gy, be C, and X = J;, Ci.
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Chainable continuum

{0} x [-1,1] U{(x,sin1) |0 < x < a}
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Chainable continuum

Let (X,d,«) be a computable metric space, and S C X
semicomputable. If S is a continuum chainable from a to b, where
a and b are computable points, then S is computable.
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Important step in the proof is showing that continuum X chainable
from a to b has the following property:

for every x € X \ {a, b} and every € > 0 there exist compact sets
F,GC Xsuchthat FNG=0,acF, be G and
X =FUB(x,e) UG. (%)
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Important step in the proof is showing that continuum X chainable
from a to b has the following property:

for every x € X \ {a, b} and every € > 0 there exist compact sets
F,GC Xsuchthat FNG=0,acF, be G and
X =FUB(x,e) UG. (%)

We have shown that continuum X has that property if and only if

it is irreducible between a and b, i.e. there are no proper
subcontinua of X that contain both a and b.
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Irreducible continuum
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Irreducible continuum

Let (X,d,«) be a computable metric space, and S C X
semicomputable. If S is a continuum irreducible from a to b,
where a and b are computable points, then S is computable.
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Proof

If S is irreducible between a and b, then S has property (x):

let x € S\ {a, b}, and r > 0 such that a, b ¢ B(x, r).
From irreducibility of S it follows that a and b belong to different
connected components of S\ B(x, r).
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It is a known result that in that case, there exists (U, V) a
separation of S\ B(x, r), such that ae€ U and be V.

Since U, V are closed in S, they are also compact.

We have disjoint compact sets U, V such that a € U, b € V and
S=UUB(x,r)U V. Therefore, S has property ().
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Proof

If S has property (x), then S is irreducible between a and b:

If we assume that S is not irreducible between a and b, then there
exists a proper subcontinuum a,b€ K C S. Set S\ K is
nonempty and open in S, so there exist a point x € S\ {a, b} and
e > 0 such that B(x,e) N K = 0.

Points a and b are in the same connected component of

S\ B(x,¢€). So there can not exist two disjoint compacts F, G in
S\ B(x,¢€) such that a € F and b € G. That is in contradiction
with property (x).
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Proof

Set S is computable iff it is semicomputable and computably
enumerable.

Assumption: S is semicomputable continuum irreducible between
computable points a and b.

We need to show that S is computably enumerable, i.e. that set
{ieN| ;NS #0}is recursively enumerable.

We have I; N S # () iff there exist u,v € N such that J, ¢ J,,
SCJ,ulbuld,, a€ J,and be J,.
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If ;NS # 0, then there exist x € S\ {a, b} and € > 0 such that
B(x,e) C ;N S.

Since S has property () there exist disjoint compacts F, G such
thatac€ F, be Gand S = FU B(x,e) UG.
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If ;NS # 0, then there exist x € S\ {a, b} and € > 0 such that
B(x,e) C ;N S.

Since S has property () there exist disjoint compacts F, G such
thatac€ F, be Gand S = FU B(x,e) UG.

There exist u,v € N such that FC J,, G C J, and J, ¢ J,.

We have shown that if ;1S # (), then there exist u, v € N such
that J,o J,, SC J,UlUJ,, a€ J,and b € J,.

Converse also holds.

Set {(i,u,v) eN3| J,0J,,SCJ,UlUJ,,ac Jy,be J}is
recursively enumerable, so {i € N | ;NS # 0} is also recursively

enumerable.
O
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Computable points

If S is computable set, then it contains computable point.
Moreover, computable points are dense in S.

Does semicomputable set necessarily contain computable points?
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Computable points

If S is computable set, then it contains computable point.
Moreover, computable points are dense in S.

Does semicomputable set necessarily contain computable points?

No.
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Let (X,d,a) be a computable metric space and S C X a
semicomputable arc with endpoints a and b. Then for every € > 0
there exist computable points 4,b € S, d(a, 8) < e, d(b,b) < ¢
such that the subarc of S with endpoints 4 and b is a computable
set in (X, d, ).
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Let (X, d,«) be a computable metric space and S C X
semicomputable, decomposable, chainable continuum. Then for
every € > 0 there exist computable points a, beSanda
computable subcontinuum S of Ssuch that $~. S and S is
chainable from 3 to b.
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Our result

Let (X, d,a) be a computable metric space and S C X
semicomputable continuum irreducible beetween a and b.

If there exist proper subcontinua Ki, K», K3 C S such that
S=KiUKyUKszand S # KiUK;, fori,j€1,2,3, then S
contains an open set in which computable points are dense.
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Proof

WLOG a € K;j and b € K». Since S\ (K1 U K2) is nonepty and
open in S, there exists iy € N such that ) # [; NS C S\ (K1 UK?).
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Proof

WLOG a € K;j and b € K». Since S\ (K1 U K2) is nonepty and
open in S, there exists iy € N such that ) # [; NS C S\ (K1 UK?).

a¢KQUK3:>EI§€NsuchthatagéJgand KoUKz C J;

b ¢ KiUKs = 3b € N such that b ¢ J; and K1 UKz C J;
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Proof

WLOG a € K;j and b € K». Since S\ (K1 U K2) is nonepty and
open in S, there exists iy € N such that ) # [; NS C S\ (K1 UK?).

a¢ KyUK; = 35 € N such that a¢ J;s and K UK3 C Js

b ¢ KiUKs = 3b € N such that b ¢ J; and K1 UKz C J;

We claim that /;; NS is computably enumerable, i.e. that set
{ieN|Linl;NS #0} is recursively enumerable.
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Assume [; N Ii; 'S # ), then there exist x € S, r > 0 such that
B(x,r) C Iinl, and B(x,r) € S\ (K1 U K3). Continuum S has
property (x), so there exist disjoint compacts F, G C S such that
acF,beGand S=FUB(x,r)uG.
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Assume [; N Ii; 'S # ), then there exist x € S, r > 0 such that
B(x,r) C Iinl, and B(x,r) € S\ (K1 U K3). Continuum S has
property (x), so there exist disjoint compacts F, G C S such that
acF,beGand S=FUB(x,r)uG.

It follows that K1 U K C F U G, and since Ki, K> are connected,
KlgFand Kng
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Assume [; N Ii; 'S # ), then there exist x € S, r > 0 such that
B(x,r) C Iinl, and B(x,r) € S\ (K1 U K3). Continuum S has
property (x), so there exist disjoint compacts F, G C S such that
acF,beGand S=FUB(x,r)uG.

It follows that K1 U K C F U G, and since Ki, K> are connected,
KlgFand Kng

KiNG=0=—= GCS\Ki— GC KyUK3 C Js
KoaNF=0=FCS\Ky=FCKiUK;C Jj
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There exist u,v,w € N such that J, ¢ J,, F C J, Cf J; and
G - JV g[: Jg, and B(X7 r) - JW g/: /,'.
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There exist u,v,w € N such that J, ¢ J,, F C J, Cf J; and
G - JV g[: Jg, and B(X7 r) - JW g/: /,'.
We define

Q={(i,u,v,w) € N4 | JuoJdy,Ju CF JB,JV Cr J5, 40 C I,
SCJ,Ud,Udy}.

We have [; N I;; NS # () iff there exist u, v, w € N such that
(i,u,v,w) € Q. Since Q is recursively enumerable, then
{ieN|nl,NS # 0} is also recursively enumerable.

OJ
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Thank you for your attention!
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