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1. Introduction

Set-theoretical axioms and the structure of the real line are deeply intertwined. The inves-
tigation of their relationship pitches the definable structure of sets of real numbers against the
behaviour of non-constructive existence axioms. The former camp is classically represented by
the Borel sets; the latter by the Axiom of Choice. Let P be a property of sets of reals. The
following pattern has emerged frequently:

(1) ZFC P holds for every Borel set
(2) ZFC+ CH P fails for some non-Borel set
(3) ZF+ DC+ AD P holds for every set
(4) ZFC+ V=L P fails for some co-analytic set

Examples of properties following this pattern include the perfect set property and the property
of Baire, Marstrand projection, and the Solecki dichotomy [2, 6, 13, 16, 12]. Normally, (3) follows
from (1) by expressing P game-theoretically. Then (1) follows from Borel determinacy, and (3)
follows from AD; (2) is often a diagonalisation argument. But what is the least complexity class
for which (2) holds, assuming ZF? The complexity of CH-constructed “counterexamples” in (2)
is not finely calibrated. This leads to the following research question:

“Find the least Γ such that there consistently exists X ∈ Γ for which P fails.”

Z. Vidnyánszky [14] has generalised a method first used by P. Erdős, K. Kunen and R. D.
Mauldin [4], and by A. Miller [11] to recursively construct Π˜ 1

1 sets of reals, assuming V=L;
this is a fruitful tool to establish item (4) in the table above. Notably, Vidnyánszky’s theorem
lends itself to applications in fractal geometry. Via Lutz’ and Lutz’ point-to-set-principle [7],
algorithmic randomness and effective dimensions of reals can be used to construct sets of patho-
logical fractal properties. hence, we aim to contribute to the general research programme of
structurally classifying the proof-theoretic strength of ZF for regularity properties of sets of reals
in the context of fractal geometry. Here, we focus on the Erdős-Volkmann-problem for rings.

2. Erdős-Volkmann for Rings

The Erdős-Volkmann-problem is a ring-theoretical problem originally posed by B. Volk-
mann [15] and partially resolved by P. Erdős and B. Volkmann [5], which contrasts the algebraic
structure of subrings of R with their geometric structure. To state their work, let Γ denote a
pointclass (e.g. Borel = ∆˜ 1

1 or analytic = Σ˜ 1
1). We denote by Pring(Γ) the property:

If B ⊆ R is a proper subring of R and B ∈ Γ, then dimH(B) = 0 or B = R.
In 1966, Erdős and Volkmann showed that, for Borel sets, the notion of subgroup is too weak

to preserve high geometric structure as characterised by Pring(∆˜ 1
1) [5]:

Theorem 2.1 (ZF, Erdős-Volkmann-Theorem). For every s ∈ [0, 1] there exists a Borel sub-
group G ≤ R such that dimH(G) = s. In other words, Pgroup(∆˜ 1

1) is false.

For subrings, the situation is different, as was shown by G. Edgar and C. Miller [3] and
independently Bourgain [1]:

Theorem 2.2 (ZF, Edgar-Miller-Bourgain-Theorem). If B ⊆ R is a proper subring of R that
is Σ˜ 1

1 then dimH(B) = 0 or B = R. In other words, Pring(Σ˜ 1
1) is true.
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R. O. Davies contributed item (2) by constructing subrings of arbitrary dimension. By the
Edgar-Miller-Bourgain-Theorem, these subrings are not Σ˜ 1

1. However, Davies’ proof is unpub-
lished (cf. [9, p. 167]). In 2016, Mauldin provided the details by “completing an attack first
discovered by Roy Davies” [10] and showed:

Theorem 2.3 (CH, Davies-Mauldin-Theorem). For every s ∈ (0, 1) there exists a proper sub-
ring B ⊆ R for which dimH(B) = s.

This leaves items (3) and (4) open—this is one interpretation of the Erdős-Volkmann-ring-
problem.

3. Our Contribution

We report on ongoing work to establish item (4) for the Erdős-Volkmann ring problem. Pre-
cisely, we aim to construct, for every s ∈ (0, 1), a proper Π˜ 1

1-subring A ⊆ R of Hausdorff
dimension s. Such a result would prove that ZFC is not powerful enough to prove Pring(Π˜ 1

1).
The difficulty lies in the Davies-Mauldin-proof, which cannot be trivially effectivised to make
use of Vidnyánszky’s theorem alongside the point-to-set-principle. We explain these difficulties,
which are both algebraic and algorithmic, and motivate possible workarounds. For instance, a
classification of sets of bounded Hausdorff dimension, in the style of Marcone and Valenti [8]
could be useful in transferring the Davies-Mauldin proof into Vidnyánszky’s framework.

Further, it is our hope to isolate a criterion which, especially in the context of fractal geometry,
gives a uniform description of those properties P for which item (4) holds. The connection
between classical Hausdorff dimension and algorithmic randomness appears fruitful to provide
such a characterisation. This would be of additional interest as the Erdős-Volkmann problem is
also influenced by additional algebraic structure.
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