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Overview of the talk

We consider different ways to represent irrational numbers:

I base expansions

I Dedekind cuts

I . . .

They are all computably equivalent: any two of them can be
computably transformed into one another, uniformly in the
represented number.

Our main question of interest: can we transform one
representation into another without using unbounded search?
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Subrecursive reducibility

Let R1 and R2 be representations of irrational numbers.

We will denote R1 4S R2 (R1 is subrecursive in R2) if there exists
an algorithm A with an oracle, such that:

I for any φ, which is an R2-representation of an irrational
α ∈ (0, 1), Aφ is an R1-representation of the same α;

I A uses no unbounded search.

We will also denote

R1 ≡S R2 if R1 4S R2 & R2 4S R1

R1 ≺S R2 if R1 4S R2 & R2 64S R1.

The equivalence classes of representations are called S-degrees.
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Examples for Representations

For an irrational number α ∈ (0, 1):

I the Dedekind cut of α is the function D : Q→ {0, 1}, such
that

D(q) =

{
0, if q < α,

1, if q > α.

I for b ≥ 2, the base-b expansion of α is the function
Eb : N→ {0, 1, . . . , b − 1}, such that

α =
∞∑
n=0

Eb(n) · b−n.



Examples for Representations

For an irrational number α ∈ (0, 1):

I the Dedekind cut of α is the function D : Q→ {0, 1}, such
that

D(q) =

{
0, if q < α,

1, if q > α.

I for b ≥ 2, the base-b expansion of α is the function
Eb : N→ {0, 1, . . . , b − 1}, such that

α =
∞∑
n=0

Eb(n) · b−n.



Examples for Representations

For an irrational number α ∈ (0, 1):

I the Dedekind cut of α is the function D : Q→ {0, 1}, such
that

D(q) =

{
0, if q < α,

1, if q > α.

I for b ≥ 2, the base-b expansion of α is the function
Eb : N→ {0, 1, . . . , b − 1}, such that

α =
∞∑
n=0

Eb(n) · b−n.



Eb 4S D

Assume we have computed Eb(1),Eb(2), . . . ,Eb(n) and let

qn = Eb(1) · b−1 + Eb(2) · b−2 + . . .+ Eb(n) · b−n.

To compute Eb(n + 1): we search for the unique
D ∈ {0, 1, . . . , b − 1}, such that

D(qn + D · b−n−1) = 0 & D(qn + (D + 1) · b−n−1) = 1

and then Eb(n + 1) = D.

No unbounded search is used in this algorithm!
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D 64S Eb

Given q ∈ Q, we want to decide whether q < α by using access to
the base-b expansion Eb of α.

If q has a finite base-b expansion of length n, then

q < α ⇐⇒ q ≤ Eb(1) · b−1 + Eb(2) · b−2 + . . .+ Eb(n) · b−n.

But what if q has an infinite base-b expansion? For example, let
b = 10 and q = 1/3 = 0.3333333 . . .. To decide whether q < α
we must search for a position n, such that E10(n) 6= 3.

This algorithm requires unbounded search!

Therefore, we have Eb ≺S D.
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How to formally prove R1 64S R2?

There must exist a time bound t,

such that for any time bound s,
one can construct an irrational α ∈ (0, 1) with the following
properties:

I α has at least one R2-representation computable in time O(t);

I no R1-representation of α is computable in time O(s).

In many cases, t can be chosen primitive recursive.

Sometimes α is constructed by diagonalization against all
R1-representations computable in time O(s).

In other cases, as we shall see, α has a more transparent definition,
justified using a growth argument.
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Base-b sum approximations from below

Let us fix some base b. Any irrational number α ∈ (0, 1) can be
written in the form

α = 0 +
d1

bk1
+

d2

bk2
+

d3

bk3
+ . . . ,

where kn is a strictly increasing sequence of positive integers and
dn are non-zero base-b digits, dn ∈ {1, . . . , b − 1}.

The function Âb, defined by Âb(n) = dnb
−kn for n > 0 and

Âb(0) = 0 is called the base-b sum approximation from below of
the number α.
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Base-b sum approximations from above

Moreover, we can write

α = 1− d ′1
bm1
− d ′2

bm2
− d ′3

bm3
− . . . ,

where mn is a strictly increasing sequence of positive integers and
d ′n are non-zero base-b digits.

The function Ǎb, defined by Ǎb(n) = d ′nb
−mn for n > 0 and

Ǎb(0) = 1 is called the base-b sum approximation from above of
the number α.
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Example in base 10

For example, let us have α = 0.07319990004 . . . in base b = 10.

Then

α =
7

102
+

3

103
+

1

104
+

9

105
+

9

106
+

9

107
+

4

1011
+ . . . ,

thus

Â10(1) =
7

102
, Â10(2) =

3

103
, . . .

Moreover,

α = 1− 9

101
− 2

102
− 6

103
− 8

104
− 9

108
− 9

109
− 9

1010
− 5

1011
− . . . ,

thus

Ǎ10(1) =
9

101
, Ǎ10(2) =

2

102
, . . .
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Ǎ10(1) =
9

101
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Ǎ10(1) =
9

101
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Results on sum approximations
It is evident that Eb 4S Âb and Eb 4S Ǎb.

But in fact we have Eb ≺S Âb and Eb ≺S Ǎb. Proof?

For a time bound s, let d : N→ N be a strictly increasing function
with primitive recursive graph, such that d is not computable in
time O(s).

Consider the following irrational number:

α = 0.000....0001000....0001000....0001000.....

↑ d0 ↑ d1 ↑ d2

Then we have: Eb is primitive recursive, Âb is not computable in
time O(s) and Ǎb is primitive recursive.

For any base b, the representations Âb, Ǎb and D are pairwise
incomparable with respect to 4S .
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For a time bound s, let d : N→ N be a strictly increasing function
with primitive recursive graph, such that d is not computable in
time O(s).

Consider the following irrational number:

α = 0.000....0001000....0001000....0001000.....

↑ d0 ↑ d1 ↑ d2

Then we have: Eb is primitive recursive, Âb is not computable in
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General sum approximations

Let α ∈ (0, 1) be an irrational number.

The function Ĝ : N× N→ Q, such that

Ĝ (b, n) = Âb(n), Ĝ (b, n) = 0 for b < 2

will be called general sum approximation from below of α.

The function Ǧ : N× N→ Q, such that

Ǧ (b, n) = Ǎb(n), Ǧ (b, n) = 0 for b < 2

will be called general sum approximation from above of α.

In [5] we constructed, given an arbitrary time bound s,
an irrational α such that Âb is primitive recursive for any fixed b,
but Ĝ is not computable in time O(s).
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an irrational α such that Âb is primitive recursive for any fixed b,
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Ĝ (b, n) = Âb(n), Ĝ (b, n) = 0 for b < 2

will be called general sum approximation from below of α.
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Trace functions
A trace function from below for α is a function
T ↑ : Q ∩ [0, 1]→ Q ∩ [0, 1], such that:

q < α ⇒ q < T ↑(q) < α;

Given Ĝ we can produce the Dedekind cut D and T ↑.
For q ∈ Q ∩ [0, 1] with denominator n:
1. q < α ⇔ q ≤ Ĝ (2n, 1);
2. T ↑(q) = Ĝ (2n, 1) + Ĝ (2n, 2).

Conversely, if we have D and some T ↑, we can compute Ĝ (b, n)
using primitive recursion on n.

A trace function from above for α is a function
T ↓ : Q ∩ [0, 1]→ Q ∩ [0, 1], such that:

q > α ⇒ q > T ↓(q) > α.

By symmetry, Ǧ is S-equivalent to D and T ↓.
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Given Ĝ we can produce the Dedekind cut D and T ↑.
For q ∈ Q ∩ [0, 1] with denominator n:
1. q < α ⇔ q ≤ Ĝ (2n, 1);
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By symmetry, Ǧ is S-equivalent to D and T ↓.



Trace functions
A trace function from below for α is a function
T ↑ : Q ∩ [0, 1]→ Q ∩ [0, 1], such that:

q < α ⇒ q < T ↑(q) < α;
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Difference representations with respect to rational numbers

Let R be a representation of all real numbers, such that any
α ∈ [0, 1] has a unique representation Rα : A→ B.

For any α ∈ (0, 1) \Q we define DiffαR : Q→ A with

DiffαR (q) = µa ∈ A[Rα(a) 6= Rq(a)].

Is DiffαR a representation of irrational numbers?
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Two natural assumptions for R

I The restriction of R to rational numbers, R : Q× A→ B,
must be computable.

This entails that DiffαR can be computed with oracle Rα.

I There exists a computable function P, such that for any finite
list a of elements of A and any finite list b of elements of B
with the same length, P(a, b) = q, where Rq(ai ) = bi for all i .

We can compute Rα with oracle DiffαR in the following way:
1. Let a0, . . . , ak = a be the first k + 1 elements of A and
assume we have computed Rα(ai ) for i < k.
2. For each bk ∈ B:

Compute q = P(a, b), where bi = Rα(ai ) for i < k.
If DiffαR (q) 6= a, then return output Rα(a) = bk .

If B is finite and P is primitive recursive, R 4S DiffR .



Two natural assumptions for R

I The restriction of R to rational numbers, R : Q× A→ B,
must be computable.
This entails that DiffαR can be computed with oracle Rα.

I There exists a computable function P, such that for any finite
list a of elements of A and any finite list b of elements of B
with the same length, P(a, b) = q, where Rq(ai ) = bi for all i .

We can compute Rα with oracle DiffαR in the following way:
1. Let a0, . . . , ak = a be the first k + 1 elements of A and
assume we have computed Rα(ai ) for i < k.
2. For each bk ∈ B:

Compute q = P(a, b), where bi = Rα(ai ) for i < k.
If DiffαR (q) 6= a, then return output Rα(a) = bk .

If B is finite and P is primitive recursive, R 4S DiffR .



Two natural assumptions for R

I The restriction of R to rational numbers, R : Q× A→ B,
must be computable.
This entails that DiffαR can be computed with oracle Rα.

I There exists a computable function P, such that for any finite
list a of elements of A and any finite list b of elements of B
with the same length, P(a, b) = q, where Rq(ai ) = bi for all i .

We can compute Rα with oracle DiffαR in the following way:
1. Let a0, . . . , ak = a be the first k + 1 elements of A and
assume we have computed Rα(ai ) for i < k.
2. For each bk ∈ B:

Compute q = P(a, b), where bi = Rα(ai ) for i < k.
If DiffαR (q) 6= a, then return output Rα(a) = bk .

If B is finite and P is primitive recursive, R 4S DiffR .



Two natural assumptions for R

I The restriction of R to rational numbers, R : Q× A→ B,
must be computable.
This entails that DiffαR can be computed with oracle Rα.

I There exists a computable function P, such that for any finite
list a of elements of A and any finite list b of elements of B
with the same length, P(a, b) = q, where Rq(ai ) = bi for all i .

We can compute Rα with oracle DiffαR in the following way:
1. Let a0, . . . , ak = a be the first k + 1 elements of A and
assume we have computed Rα(ai ) for i < k.
2. For each bk ∈ B:

Compute q = P(a, b), where bi = Rα(ai ) for i < k.
If DiffαR (q) 6= a, then return output Rα(a) = bk .

If B is finite and P is primitive recursive, R 4S DiffR .



Two natural assumptions for R

I The restriction of R to rational numbers, R : Q× A→ B,
must be computable.
This entails that DiffαR can be computed with oracle Rα.

I There exists a computable function P, such that for any finite
list a of elements of A and any finite list b of elements of B
with the same length, P(a, b) = q, where Rq(ai ) = bi for all i .

We can compute Rα with oracle DiffαR in the following way:
1. Let a0, . . . , ak = a be the first k + 1 elements of A and
assume we have computed Rα(ai ) for i < k.
2. For each bk ∈ B:

Compute q = P(a, b), where bi = Rα(ai ) for i < k.
If DiffαR (q) 6= a, then return output Rα(a) = bk .

If B is finite and P is primitive recursive, R 4S DiffR .



Difference with respect to base-b expansions

As a first example we consider Diffb, which corresponds to the
base-b expansion Eb. The base-b expansions of numbers of the
form m

bn are assumed to end in zeros.

Since the range of Eb is finite, we have Eb 4S Diffb.

In addition, D 4S Diffb. Given q ∈ Q, we can compute the
position of the first difference and then compare q and α using Eb.

It is also easy to produce a trace function from below using Diffb:
T ↑(q) =

∑n
i=0 Eb(i) · b−i , where n = Diffb(q).

In the paper [4] we prove that: Ĝ ≺S Diffb and also that Ǧ and
Diffb are subrecursively incomparable.
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Diffb are subrecursively incomparable.



Difference with respect to base-b sum approximations

Now let us consider Diffb↑, which correponds to the base-b sum

approximation from below Âb.

Observe now that the range of Âb is infinite.

We have Eb 4S Diffb↑ with the following algorithm:
Given n and the digits Eb(1), . . . ,Eb(n − 1),
1. For each D ∈ {1, . . . , b − 1}:

1.1. Let q = Eb(1) · b−1 + . . .+ Eb(n − 1) · b−n+1 + x · b−n.
1.2. Let k be the number of non-zero base-b digits of q.
1.3. If Diffb↑(q) > k then output Eb(n) = D.

2. Output Eb(n) = 0.

Now we also have D 4S Diffb↑. Given q ∈ Q, we can compare q
and α using the base-b expansions: they differ in at least one
position ≤ `, where ` is the weight of Âq

b(Diffb↑(q)).
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Incomparability of Diffb↑ with trace functions

Theorem

Diffb↑ 64S Ĝ , Diffb↑ 64S Ǧ

Take the following irrational number:

α = 0.000....000010101....D00010101....D100101.....

↑ d0 ↑ d1 ↑ d2

Theorem

Âb 64S Diffb↑, Ǎb 64S Diffb↑

Take the following irrational number:

α = 0.000....0001000....0001000....0001000.....

↑ d0 ↑ d1 ↑ d2
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