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Intuitionistic logic

Intuitionistic logic
@ Reasoning by contradiction is not allowed.
@ In general, we cannot use non-constructive principles such as
LEM: AV —A;
DNE: =——A — A and
GDM: Vi < nA(i) — 3i < n—A(7),
because they are proved by contradiction.
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Formal systems iAq(exp) and i3,

@ Let L; be the language of first order arithmetic consisting of
0,1, 4, -, exp, <.
@ The class A consists of formulae without unbounded quantifier.
The classes Y, and II,, are defined as usual.
@ The system iA(exp) consists of the following axioms:
» Basic arithmetic

z+0=u; r+y+1)=(z+y)+1;

x-0=0; z-(y+1)=z-y+ux

exp(x,0) = 1; exp(z,y + 1) = exp(x,y) - ¥;

—(z < z); r<yANy<z—=x <z

r<z+1 r<y—(z+l<yVz+1l=y).
» Ap-IND

B(0) AVx(B(x) = B(x + 1)) = VaB(z),for B € ;.

e iX; = iAgp(exp) + ¥1-IND.
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What has been done?

Main reference:
Troelstra and van Dalen, Constructivism in Mathematics | (1988) [7],
© Definition of partial recursive functions
@ Enumeration theorem: There is a recursive function enumerating all
n-ary partial recursive functions, i.e., there is an (n + 1)-ary partial
rec. function ¢, s.t. v.(e,21,...,Tpn) = @e(T1, ..., Tp).
© Normal form theorem: There is a recursive predicate 1" and primitive
recursive function U such that p.(z) =y +> U(min z(Texz)) = y.
(so-called Kleene's T' predicate and result-extracting function U)

@ smn theorem: There is a primitive recursive s such that

Vl’l, Ly Y1y eeey yn(@e(l'l, ceey Tmy Y1, yn) =~ (Ps(e,xh...xm)(ylv EE) yn))

© Recursion Theorem: For each recursive f, there is n such that
Vo (on(T) = @i (7).

@ Formalization in HA and EL (needs only ¥; induction).
(2-(5) can be parameterized.
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Recursively enumerable set and its property

Definition (Recursively enumerable set)

Let We = {z : {e}(x)d} = {z : ve()!}.

A set A is recursively enumerable (r.e.) if A =W, for some e.

For a set A C N, the characteristic function of A is a total function
x4 :N—{0,1} s.t.
(z) 0 ifxe A,
X =
xa 1 ifzé¢ A

Note
If we have the characteristic function x4 for A, then we have

Ve(r € AVa ¢ A).

Definition (Recursive set)

A set A is recursive if there is e s.t. x4 = {e}.
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@ Oracles and Turing reducibility
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Oracles in computation
e For o € 2<% o C A means o(i) = xa(i) for all i < Ih(0).
o {e}A(x)=yif Ar)=yi i
: =yifz,y,e<s, s>0,{e}(x) =y in < s steps according
to the program coded by e, and only numbers z < s are used in the
computation.
@ The use function

the maximal n used in . A .
L+ the computation of {e}4 () if {e}¢(2)!;

u(4;e,x,s) =
0 otherwise.

o {e}9(x) =y if {e}2(x) = y for some A D o, and only z < Ih(0) is
used in the computation.
Use Principle
@ {e}4(z) =y = 3530 C A({e}Z(z) = y)
Q {e}i(z) =y =Vt 2 sVr 2 o({e}{(z) =
Q {e}I(z) =y = VA D o({e}(z) = v)

Let W;}S ={z: {e}(x)]} and W, = Wgs.

Y)
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Turing reducibility

Definition (Turing reducibility)

A <p B < thereis e s.t. Va(xa(z) = {e}(xB,x) = of {G}B( )

Definition (recursively enumerable in A)
Bisre. in Ais B=WA = {z: {e}4(x)]} for some e.
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Turing jump
Definition (Turing jump)

A = {z: {e} (@)}

Jump Theorem
Q@ A Zr A
@ B <7 Aiff B<{ A, ie., thereis a total rec. function f s.t.

reB « f(z)e A.

Post's problem
Is there any Asit. ) <p A <y 0?7

Definition (Low set)
Aset A<y (Vislowif A =70, ie, A<y @ and Y <p A'.
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Oracles and law of excluded middle

Lemma
For any r.e. A, there is a total rec. function f s.t.

Ve(z € A+ f(z) e l))

Lemma in other words
For any ¥; formula A(x) without set parameter, there is a total rec.
function f s.t.

Va(A(z) & xo (f(2)) = 0)

In particular, if we have xy, then AV —A holds for any ¥; formula A
without set parameters.

In general, if we have xp and {z : A(z)} <7 {z : B(x)}, then we have
Vr(A(z) V —A(x)).
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Classical definitions simple sets and immune sets

Definition (Immune set and simple set)

e Ais immune if

A is infinite;

Ve(W, is infinite — W, £ A),
o Ais simple if

é is r.e.;

A={z:xz ¢ A} is immune.
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Post's construction of a simple set

Theorem (Post)

There is a simple set A.

Proof. Define sets A and S and a partial rec. 1.
o A={(e,x):x € We Az > 2e};
o Y(e) = x iff Ju(Texu ANU(u) =z A x> 2e);
e S =rang(f).
Even constructively, we can prove the following holds.
Q@ Aand S arere.
Q@ Ve——Jy > x(zx ¢ 9).
For each e s.t. ¥(e)l, ¥(e) > 2e. Therefore
{0,1,...,2e} N S| =1{0,1,...,2e} N{w(7) : Y(i){ Ni < e} <e
Q If Vady > x(y € We), then Jy(y € SNW,).
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Constructive observation

What is a reasonable definition for immne/simple sets?

o A is weakly immune if

Ve——TJy > z(y € A);

Ve[Vx3y > z(y € W,) — =Ty € W(y ¢ A)],
o A is weakly simple if

Aisre;

A={x:x ¢ A} is weakly immune.
o A is immune if

Vzdy > z(y € A);

VelVzIy > x(y € W) — =3y € We(y ¢ A)],
o A is simple if

Aisre.;

Vady > z(y ¢ A);

VelVzIy > z(y € W) — Jy(y € W N A)].

Semi constructive results
@ iAg(exp) F "“There is a weakly simple set A".
e iAg(exp) + X9-GDM F “There is a simple set A" 16/ 27




Take a close look to classical finite injury method

Theorem (Friedberg-Muchnik)

There is a low simple set A.

For such A,

@ By simplicity, A is r.e. but not recursive.
@ By lowness, A’ <7 (" and so A <7 (.
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Take a close look to classical finite injury method

Theorem (Friedberg-Muchnik)

There is a low simple set A.

For such A,

@ By simplicity, A is r.e. but not recursive.
@ By lowness, A’ <p (' andso A <7 (.
Proof.
Construct A = J Ay as follows. Every A; is recursive and so A is r.e.:
Stage s =0 Ag = 0.
Stage s + 1 Choose the least i < s s.t.
Q@ Wi, NA, =0
Q Jxjze Wi, Az > 20N (Ve <i)u(As;e e, s) < xl].
If such 7 exists, choose the least x satisfying (2) and let
Asy1 = AsU{x}. If such i does not exists, let Ag;1 = As.

17/27



Construct A = |J A; as follows:
Stage s =0 Ay = 0.
Stage s + 1 Choose the least i < s s.t.
o Wi,s NA, =0
Q dzxjz e WisAx >2i N (V) <i)|u(As;7,74,s) < z]].
If such i exists, choose the least z satisfying (2) and let
Ast1 = As U {x}. If such i does not exists, let As11 = As.
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Construct A = |J A; as follows:
Stage s =0 Ay = 0.
Stage s + 1 Choose the least i < s s.t.
Q@ W;sNA,=0;
Q dzxjz e WisAx >2i N (V) <i)|u(As;7,74,s) < z]].
If such i exists, choose the least z satisfying (2) and let
Ast1 = As U {x}. If such i does not exists, let As11 = As.
Classical proof
P Vxdy > x(x € W) — Jx(z € W N A)
Ne: Fr(limg oo {e} s (e) = x).
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Construct A = |J A; as follows:
Stage s =0 Ay = 0.
Stage s+ 1 Choose the least i < s s.t.
QO W;;NA; = 0;
Q dzjx e WisAa >2i N (V) <i)|u(As;7,7,s) < z]].
If such 7 exists, choose the least x satisfying (2) and let
Asy1 = AsU{x}. If such i does not exists, let Ag41 = As.
Classical proof
P Vx3dy > x(x € We) = Jx(z € WeN A)
Ne: Fz(limg oo {e}s (e) = ).
o VeP, guarantees simplicity.
» [{0,1,...,2¢e} N A| < e, which implies Ye3dB C A(|B| > e),
and so Vady > z(x € A).
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Construct A = |J A; as follows:
Stage s =0 Ag = 0.
Stage s + 1 Choose the least i < s s.t.
QO WisnAs=10;
Q dzjx e WisAx > 2i N (V) <i)|u(As; 7, 74,s) < z]].
If such 7 exists, choose the least x satisfying (2) and let
Asi1 = As U {x}. If such i does not exists, let Ag11 = As.
Classical proof
P.: Vz3y > x(z € We) — Jz(x € W N A)
Ne: Fz(limg oo {e} s (e) = ).
o VeP, guarantees simplicity.
» [{0,1,...,2¢e} N A| < e, which implies Ve3B C A(|B| > e),
and so Vady > z(x € A).
@ VeN, guarantees lowness.
1if {e}(e)hi

] is recursive and VeN, implies
0 otherwise.

> g<€’8) =

lims_, o g(e, s) = g(e) exists for all e. Then § = x4 and § <7 0"
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Construct A = |J A; as follows:
Stage s =0 Ay = 0.
Stage s + 1 Choose the least i < s s.t.
o Wi,s NA, =0
Q dzxjz e WisAx >2i N (V) <i)|u(As;7,74,s) < z]].
If such i exists, choose the least z satisfying (2) and let
Ast1 = As U {x}. If such i does not exists, let As11 = As.

Classical proof
P Vxdy > x(x € W) — Jx(z € W N A) (simplicity)
Ne: Fr(limg oo {e} s (e) = x). (lowness)
How to prove VeP. and YeN.?
(VeN,) Since I, = {s: {e}Z(e) {e}‘:j{l(e)} satisfies |I.| < 2e,
t(e) = lims_yo0 u(As; €, €, s) exists for each e.
(VeP.) By induction, max{a(i) : i < e} is defined for each e.
If Vady > x(y € We), there is s, s.t. Jx(z € We ., N As).
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What non-constructive principle are sufficient?

P.: Vx3y > x(x € W) — Jx(z € W N A)
Ne: Fr(limg oo {e} s (e) = x).
@ VeP, guarantees simplicity.
» [{0,1,...,2e} N A| < e, which implies Ya——3y > z(y ¢ A).
@ YVeN, guarantees lowness.
1 i {e}d(e)ds
0 otherwise.
VeN, implies lim,_, g(e, s) = g(e) exists for all e.
Then § = x4 and g <7 (.
How to prove VeP. and VeN.?
(VeN,.) Since I, = {s: {e}Z(e) {e}‘:j{l(e)} satisfies |I.| < 2e,
by S0-BCA, d(e) = lims o u(As; e, €, s) exists for each e.
(VeP.) By ¥0-BCA, max{a(i) : i < e} is defined for each e.
If Vady > x(y € We), there is s, s.t. Jx(z € We ., N As).

> gle,s) = is recursive.
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Logical principles used
¥1-BCA Vedt € {0,1}¢(Vi < e)[t(i) = 0 > A(x)] for A(x) € X;.

Decomposition of ¥9-BCA
The following are equivalent over iAg(exp).
O X-BCA;
@ A(Z1)-IND + A(S;)-LEM;
© A(Z)-IND + 21-LEM;
Q X,-IND + A(S;)-LEM;

where A(X;) is the smallest class containing ¥; and closed under
AV, = Ve <t,dr <tand -LEM is AV A for AeT.

How BCA works?
The following are equivalent over iAg(exp):
e Y1-BCA;
e Forany A€ Xy, 3z(|A] = z) — JaVy € A(y < x);
e Forany B € Ay, VedzVi < e(JyB(i,y) — Jy < 2B(1,y)).

20
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Constructive observation
The construction of r.e. A needs no non-constructive principles.
Stage s =0 Ay = 0.
Stage s + 1 Choose the least i < s s.t.
QO W, s NA; = 0;
Q dzxjzx e WisAx >2iN(Vj <i)|u(As;7,7,s) < z]].
Weaken non-constructive principle as much as possible
There is a B(z) € ¥, satisfying the following:
e iAg(exp) F VaIse{0,1}*Vi<z(s;=0 +> B(i)) —
“Ais a low and simple set”.
o iAg(exp) - Va3sc€{0,1}*Vi<xz(s;=0 > B(i)) — —3e(xp={e}?)
o iAg(exp)+A(E1)-IND F Va(B(z)V-B(z)) — —Je(xgp={e}*)
0 iAg(exp)+A(E1)-IND F ~—Va(B(z)V-B(x)) — —Je(xgp={e}*)

Theorem

iAg(exp)+A(Z1)-IND+——(Z1-LEM) - —Fe(xg={e}4),
where =—(I-LEM) is =—Vz(B(z) V = B(x)) for B € T.
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Constructive observation
The construction of r.e. A needs no non-constructive principles.
Stage s =0 Ay = 0.
Stage s + 1 Choose the least i < s s.t.
QO W, s NA; = 0;
Q dzxjzx e WisAx >2iN(Vj <i)|u(As;7,7,s) < z]].
Lemma
iAg(exp) + II;-IND F Va——3se{0, 1}*Vi<z(s;=0 <> B(i)), for B € ¥;.

Weaken induction as much as possible
There is a B(z) € ¥, satisfying the following:

e iAg(exp) F Vadse{0,1}*Vi<xz(s;=0 +> B(i)) —
“Ais a low and simple set”.

o iAg(exp) F ~—V23s€{0, 1}*Vi<z(s;=0 <> B(i)) — ~Je(xp={e}*?)

Theorem

iAo(exp) + II;-IND + A(El)—DNS F ﬁHG(X@/:{e}A),
where I'-DNS is Vo——C(z) — ——=VaC(z) for C € T. 221




A classical construction of two incomparable degrees
Define two sequences {fs}, and {gs}s of 2<N as follows:
Q For s =0, Ieth:gO:<>.

@ At stage s = 2e + 1: Let n = Ih(fs).
@ If Jtdo(o 2 gs A{e}7(n)]), take the least such pair (o,t) and let

gs+1 = 0O, f5+1 = fo* (1—{6}?(71))
@ If ~Itdo(o 2 gs N {e}7(n)l), set
gs+1:gs*<0>a fs+1:fs*<0>'

© At stage s = 2e + 2: Do the same but with the roles of f; and g4 are
interchanged.
By 39-IND, each fs and g, are defined and have length > s, fs C fo11

and gs C gsy1-
By the construction, f = J, fs and g = |, g satisfy

FUR(fs) # ey (h(fs)  g(Ih(gst1)) # {e} (Ih(gs+1))

for each e = 2s + 1.
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Constructive observation

The previous proof shows that

VeVs¥n(It3o D s{e}f (n)l) Vv =3tIo 2 s({e}f (n)]) —

“there are two incomparable degrees below )’

Theorem
iX9 + X1-LEM F “there are two incomparable degrees below 0. J
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Some observation and future work

e Vx——3Jy > x(y € A) is a weak notion of infiniteness.

Ve——TJy > z(y € A) —» VaJy > z(y € A) for A € ¥ is equivalent to
31-DNE.

@ This seems to be a refinement of the result by Groszek and Slaman
[2], which states that Friedberg-Muchnik construction can be
formalized in IXq.

@ In [6], it is shown that A s.t. 0 <7 A <7 (I exists in every model of
IAp(exp).

What non-constructive principle is need for it?

e Considering complement in constructive setting, Bishop [1] suggested

the notion of complemented set:
» Complemented set is a pair A = (Ag, A1) of sets A; C N s.t. each
x € Ag and y € A thereis f: N = R with f(z) # f(y).
» £ € Ameans x € Ag and z ¢ A means x € A;.
This is a way to treat ¢ A in a positive way.
It might be useful in our setting, but | have not yet found such
examples.

@ And much more things to do!
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