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Weihrauch reducibility

Problems:
Partial, multivalued functions f :C NN — NN
Reduction:

A problem f :C N¥ = NN reduces to g :C NN = NN
via programs h, k :C NN — NN:

h(x,y)

e For each instance x € dom(f), the program k(x) terminates and
produces an instance k(x) € dom(g)

e For each instance x € dom(f) and solution y € (g o k)(x), the
program h(x, y) terminates and produces a solution h(x,y) € f(x).



Compositional product

Concatenation

Given two problems f, g :C NN = NN we define
fog:C NN = NN with

dom(f o g) :={x € dom(g) | g(x) C dom(f)}
(fog)(x):={zeNV|zef(y)andy e g(x) for some y € N}

Composition

Given two problems f, g :C NY¥ = NN we consider the degree

frg:=max<,{fog |f <wfandg <wg}



Two applications of the
Godel problem



Two applications of the Godel problem (1/5)

The Goédel problem is given by

G:CcNY=N
with
G(x):={eeN|x =}
Does
GxG<wG
hold?

(It does with respect to the continuous degrees, Brattka 2023)



Two applications of the Godel problem (2/5)

Godel problem:
G(x) :={eeN|x=pe}

Prove
GxG£wG

Using the helper problem
H:CNY=N
with
H((x,y0,...)) == {e € N| yp = e for some n € N with x = ¢,}
(i.e. for any code n of x, produce a code of y,)

this reduces to the claim

H ¢w G



Two applications of the Godel problem (3/5)

Assume, for contradiction
H<wG

realized by h, k :C NN — NN In particular: rng(k) is countable.
Proceed by case distinction on

Splitting

For any (nice) o € 2%, there are extensions

T =:(10,...),7 =1 (1§,...) € 2" of o with

® 70 = 7'6,
e #(7n) <1 and #(7,) <1 for each n > 0,
e 7 and 7 incomparable (for fixed e € N with “k C .").



Two applications of the Godel problem (4/5)

If “Splitting” fails:

= There is a nice 0 = (09, ...,0,) (i.e. #(oi) <1for 0 <i < n)
s.t. ¢7 and gog/ are comparable for any nice extensions 7,7’ of 0.

= We have k(x) = k(y) for nice extensions x,y € dom(H).

e Choose €' € (Go k)(o x000...),
e Choose extension x € 2N of op with G(x) > n,
e Define y; := 011 %*000... forall i < n.

= (X, ¥0,--+¥Yn-1,2,...) € dom(H) and
it extends o for all z € 2N with #(z) <1

G(z) =H((x,%0,-- -, Yn-1,2,...))
h({(X, Y0, -+, ¥Yn-1,2,---),€)) € H((X, Y0, -+, Yn-1,2,---))



Two applications of the Godel problem (5/5)

If “Splitting” holds, we define T : 2* — 2*:

T(() =

o (moo T)(0...) = (mpo T)(x) for all x € 2N,

e (mp41 0 T)(x) contains at most one 1 for all n € N, x € 2N,
— (7, 0 T)(x) computable for all n € N and x € 2N
= T(x) € dom(H) for all x € 2V

o (ko T)(x)# (ko T)(y) for all x,y € 2V with x # y

= rng(k) is uncountable



WIP: More applications of the Godel problem

Theorem
Consider problems
f,g :C NN =3 NN

such that it is decidable if for a o € N* there exists an extension
x € NN of o with x € dom(f).

Then

FfxG<pwgx*G
entails

f<wg

Corollary
We have

Gln+1 ﬁw Glnl
for any n € N.



Finite computable transformations



Computable realizer

A partial, multivalued f :C D" =2 D is if there is a
code e € N such that

C (NN)I‘I Pe NN

ldeg” ldeg

cpr —f o p

for any (ag,...,a,_1) € dom(f) and xo, ..., x,_1 € NN with
deg(x;) = a; for all i < n:

The program ¢59X°""’X”’1> terminates with a value y € NY such that

deg(y) € f(ap,...,a,—1) holds.



Computable realizer: Example

Example (Join)
f:D> =D with (a,b)— {aVb

is computable:

Example (Jump inversion)
IHCD=D with ar {b|b =a}

is not computable (Brattka, Hendtlass, Kreuzer 2017).
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Characterization: finite version

Theorem

For any computable f :C D" = D, there exists a set N C n such
that

\/ a; € f(ag,...,ap-1)

ieN
holds for all degrees (ag, ...,an—1) € dom(f).
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Example: jump inversion

Assume that the jump inversion
JHCD=D with a— {b|b =a}

is computable.

By our theorem, we have one of the following:

e 0cJyl(a)forallacDor
e acJyl(a)forallacD,

Both lead to a contradiction.

(Already a "pointwise” disjunction would lead to a contradiction.)
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Example: compositional product of PA (1/2)

Assume that the reduction
Fsf <wf
holds for a problem f :C D = D such that

e 0 € dom(f) (can be replaced with “dom(f) # 0"),
e rng(f) C dom(f),
e no solution of f(a) is computable from a, for any a € D.

Then, we have
g<wfx*xf andhence g<wf
for

g :NY = D? with g():={(a,b)eD?*|0<a<bh}
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Example: compositional product of PA (2/2)

We have
g<wf
for a problem f :C D = D and
g : NV =D? with g(-):={(a,b)eD?|0<a<b}
realized by h:C D? = D? and k : NN — D.

Thus, we have one of

e 0 € (mpoh)(0,a) for all a € f(0), or
e ac (mpo h)(0,a) for all a € £(0).

Contradiction by case distinction =— fxf <w f

This result is applicable to NON, PA, ...
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Characterization: finite version with multiple outputs

Theorem

For any computable f :C D" = D™, there exist sets
No,...,Nm_1 C n such that

\/a,-,..., \/ a; Ef(ao,...,a,,_l)

i€Ng i€Nm_1

holds for all degrees (ao, ...,a,—1) € dom(f).
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Example: compositional product of PA (2/2, again)

We have
g<wf
for a problem f :C D = D and

g :NY = D2 with g():={(a,b)eD?*|0<a<b}

Thus, we have a computable h :C D? = D? with
{(0,0),(0,a),(a,0),(a,a)} N h(0,a) # 0.

for all a € (0).

= fxf<wf

This result is applicable to NON, PA, ...
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Proof: splitting

Splitting
For all i/ < n and
S0, ---,Sn—1 € 2* together with s/ € 2%, there are

to,...,th—1 € 2* together with t/ € 2* such that ¢Z and ¢ with
® 0= (So*to,...,Si—1*ti_1,8 *%ti, St 1k tip1,...,Sp_1%th_1)
o T = <50 *tg,...,S—1 % t,‘_]_,Sl{ * tl{, Sit+1*tig1,...,S0—1 % tn_1>

are incomparable.
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Proof: first case

Proposition
If “Splitting” holds:

Then, for any degrees ag, ...,a,—1 € D, there are sequences
X0, - - > Xn—1 € NN with a; = deg(x;) for all i < n, such that
\/ ai = deg(f({x0, .., Xn-1)))
i<n
holds.
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Proof: uniform splitting

er o
Splitting
For all i < n and
S0, - --,Sp—1 € 2* together with s/ € 2*, there are
to, ..., th—1 € 2* together with t/ € 2* such that ¢ and ©7 with
® o= (Spktg,...,S—1*ti_1,5 *tj,Sip1 * tij1,...,57—1 % th_1)
v}
® T = (spkty,...,Si—1*%t_1,5 *ti,Sip1 *¥tig1,...,5-1 % th_1)

are incomparable.

4
Uniform splitting
For any k € N, there are sequences
t8, ..., t0 1, td, ... tk_; € 2* sit. for all sequences
S0, - -, Sn—1 € 2 and distinct p, g € 2",
©Z and @7 are incomparable for

o 0= (sp% t'(';(o)7 e, Sn_1 % tp£"171)> and

n
0 =il
o T = (50*tg( ),...,sn_l*tg(_"l )>.
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Proof: first case

Uniform splitting

For any k € N, there are sequences

t8, ..., t%  td ... tt | €2* st for all sequences
S0, - -.,Sn—1 € 2K and distinct p, g € 2",

©Z and @] are incomparable for

o 0:=(s5p% tg(o), e.ySp_1 % tﬁ(_"1_1)> and
o 7= (sp% tg(o), ey Sn_1 % tg£'71_1)>.
4

Define computable g; : 2N — 2N for j < n.
Eg.: g C) SR Rty Rtk

o deg(x) = (degog;)(x) for all x € 2¥ and i < n,

* Vi, deg(xi) = deg(f(({go(x0), 81(x1),---)))
for any xg, ..., xp—1 € 2% 20



Proof: second case

If “Splitting” does not hold at i = n — 1:

There are sp, ..., s,—1 € 2* together with s, _; € 2* such that
for all to, ..., th—1 € 2% with t/_; € 2*, the sequences ¢7, L
for

® 0:=(So*ty,...,Sn—2 % th_2,Sn—1 * th—1)

o 7 :=(So*kto,...,Sn—2% tn_2,5h_q *th_1)

are comparable.

Define g :C (NN)"~1 — NN such that % is an infinite sequence for
p = (S0 % X0, .- ,Sn—2 * Xp—2, Sp—1 * g(Xo, cee 7Xn72)>

and all xg, ..., x,-1 € 2" with (deg(xo), ..., deg(x,—_1)) € dom(f).
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Proof: second case

Define g :C (NY)?~1 — NN such that % is an infinite sequence for
P = (S0 * X0y - .,Sn—2 % Xp—2,Sp—1 * &(X0, - - - , Xn—2))

and all xg, ..., x,_1 € 2" with (deg(xp), ..., deg(x,_1)) € dom(f).

Define f' :C D"~1 = D with

dom(f’) := {(ao,..-,an—2) | (Ao, ...,an_2,a,_1) € dom(f)
for some a,_; € D}

f'(@0,- . ,an-2)) == [ |{f(x) | x := (a0, ..,an2,a5_1) € dom(f)}

This function is computable witnessed by e, Sp,...,S,—1 and g.

= Apply induction hypothesis 2



Proof: second case

Induction hypothesis yields N C n — 1 such that

\/ a; € f/(.':lo7 Ce ,a,,_2)

ieN

for all (ag,...,a,—2) € dom(f’).

Hence,
\/ a; € f(ag,...,an-1)
ieN

for all (ag,...,ap—1) € dom(f).
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Infinite computable transformations



Characterization: infinite version

Theorem
For any computable f :C DN = D, one of the following two holds:

a) There is a finite set N C N such that

\/ ap € f((an)neN)

neN
holds for any sequence of degrees (a,)nen € dom(f).

b) We have
deg((xn)nen) € f((deg(xn))nen)

for any coded sequence (xp)nen C NN of number sequences with
(deg(xn))nen € dom(f).

In particular, f((deg(xn))nen) contains any Turing degree above
deg((xn)nen)-
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WIP: Applications to linear orders (1/2)

Definition
Let X be a linear order. The order X results from X if we add
top and bottom elements should they not exist.

Corollary

For any linear order X defined on the natural numbers, let
wx : D = DN be the Weihrauch problem defined by

wx(a) := {(bn)nen | @ < b, for all n € N
and b, < by, if and only if n <x m for all n,m € N}.

For any two linear orders X and Y, if wx <w wy holds, then

there is an embedding of X into Y.
25



WIP: Applications to linear orders (2/2)

Definition
We consider
INC,DEC :C D = DN

with
INC(a) 2:{(b,'),'€N | a<b; < bj for all / <JjE€ N} = W,
DEC(a) Z:{(b,'),'eN | a< bj < b; for all I<_j & N} = W_y
Corollary

The Weihrauch problems INC and DEC are incomparable.

Corollary

We have the strict Weihrauch reduction

NON® <y NON™®
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