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Continua

A continuum is a compact and connected metric space (with more than one point).
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Decomposability

A continuum is decomposable if it can be expressed as a union of two proper subcontinua.
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What about computability?

If a decomposable continuum is computably presented, can its decomposability be
witnessed by computable subcontinua?
~> we call continua with this property effectively decomposable
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What about computability?

If a decomposable continuum is computably presented, can its decomposability be
witnessed by computable subcontinua?
~> we call continua with this property effectively decomposable

Alternatively: is there a computably presented, decomposable continuum such that all of
its decompositions encode the Halting set in some way? How much information can be
encoded by (in)decomposability?
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The setting

e Computable metric space (X, d, «a): metric space (X, d) + {«;}ien dense subset
such that (/,/) — d(«j, o)) is computable
e Basic open balls B(a;,q), g € QT
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e Computable metric space (X, d, «a): metric space (X, d) + {«;}ien dense subset
such that (/,/) — d(«j, o)) is computable
e Basic open balls B(a;,q), g € QT

A compact set S in (X,d,«a) is computable if there is a computable function k —
(i1, f2, ..., in,) such that dy(S, {aj, ... ,a,-nk}) < P

e X itself generally need not be a computable set

e If X is computable, we say that (X, d, «) is an effectively compact computable
metric space
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The right kind of presentation

Back to our question: is a decomposable continuum with the structure of a computable
metric space always decomposable into computable subcontinua?
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The right kind of presentation

Back to our question: is a decomposable continuum with the structure of a computable
metric space always decomposable into computable subcontinua? The answer is no.

7 non-computable
@ ——)

no subarc is computable

If X is a union of its computable subcontinua, then X is itself computable. So (X, d, @)
should be an effectively compact computable metric space.
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A classical characterization

Classically: a continuum is decomposable if (and only if) it contains a proper
subcontinuum with non-empty interior.
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A simpler problem

Suppose an effectively compact continuum X has a computable subcontinuum C with
non-empty interior.
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A simpler problem

Suppose an effectively compact continuum X has a computable subcontinuum C with
non-empty interior.

e If X\ Int C is disconnected, the classical argument is easily effectivized

If X \ Int C is connected, the construction fails: ideally, we want X \ Int C
to be computable, but this does not have to be the case

X\ Int C will be computable if Int C is c.e. open

What also works: Int C contains a (suitable) c.e. open set; some finite union of basic
open balls is connected; X is effectively locally connected
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Continua containing a copy of R

® \We consider continua (X, d) which contain a copy of [0,1] as a subcontinuum with
non-empty interior

® Equivalently, they contain a copy of R as an open subset

® Such continua are classically decomposable
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Continua containing a copy of R

® \We consider continua (X, d) which contain a copy of [0,1] as a subcontinuum with
non-empty interior
® Equivalently, they contain a copy of R as an open subset

® Such continua are classically decomposable

® |f a point has an open neighbourhood N = R in X, then it has a computable
neighbourhood N/ C N which is an arc with computable endpoints

(V. Cati¢, €, M. Horvat, and Z. lljazovi¢ (2026). “Computable Approximations of Semicomputable Graphs”.
In: Logical Methods in Computer Science 22, 28 (1))
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Theorem 1 (C, lljazovi¢, Jeli¢, Tarandek)

Let (X, d,a) be an effectively compact computable metric space. Suppose U is an
open set in (X, d) homeomorphic to R. Then (X, d, a) is effectively decomposable.
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Theorem 1 (C, lljazovi¢, Jeli¢, Tarandek)

Let (X, d,a) be an effectively compact computable metric space. Suppose U is an
open set in (X, d) homeomorphic to R. Then (X, d, a) is effectively decomposable.

Sketch of proof.

Take a computable arc A in U; its interior is not empty.

If X'\ Int A is disconnected, i.e. X\ IntA= FLU G, then AUF and AU G are computable.

If X\ Int A is connected, take a neighbourhood N of A consisting of basic open balls;
then X \ N is computable (but possibly not connected).

Take two more computable arcs A;, Ap such that A; U (X \ N) U A, becomes connected
(and computable as a union of computable sets).
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Decomposable chainable continua

® Chainable continuum: for each € > 0 can be covered by an open chain Uy,..., U,
such that maxdiam U; < e.
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Decomposable chainable continua

® (Computable) chainable continua can be indecomposable

® Chainable continuum: for each € > 0 can be covered by an open chain Uy,..., U,
(buckethandle, pseudo-arc) ,

such that maxdiam U; < e.
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Decomposable chainable continua

® Chainable continuum: for each € > 0 can be covered by an open chain Uy, ...
such that maxdiam U; < e.
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Theorem 2 (C., lljazovi¢, Jeli¢, Tarandek)

Let (X, d,«) be an effectively compact computable metric space such that (X, d) is a
decomposable chainable continuum. Then (X, d, «) is effectively decomposable.

Proof. Technical. Uses techniques similar to those developed in

Z. lljazovi¢ (2009). “Chainable and Circularly Chainable Co-c.e. Sets in Computable Metric
Spaces’. In: Journal of Universal Computer Science 15.6, pp. 1206-1235.
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Closing remarks

e FEffectively compact decomposable chainable continua and continua containing arcs
are always effectively decomposable

® Next step: circularly chainable continua

® The general question: is the decomposability of an effectively compact continuum
always witnessed by some computable subcontinua? is surprisingly difficult

Thank you for your attention!

Questions? Comments?

Funded by This research was supported by the European Union - NextGenerationEU through the National Recovery
the European Union and Resilience Plan 2021-2026. Institutional grant of University of Zagreb Faculty of Science (PMF-
NextGenerationEU CROFUND, PMF-YouthConf).

12/12



References

E (V:aéi(:, V., (V:, M. Horvat, and Z. lljazovi¢ (2026). “Computable Approximations of
Semicomputable Graphs”. In: Logical Methods in Computer Science 22, 28 (1).

[ lljazovi¢, Z. (2009). “Chainable and Circularly Chainable Co-c.e. Sets in Computable
Metric Spaces”. In: Journal of Universal Computer Science 15.6, pp. 1206-1235.

[ lljazovi¢, Z. and T. Kihara (2021). “Computability of Subsets of Metric Spaces”. In:
Handbook of Computability and Complexity in Analysis. Ed. by Vasco Brattka and
Peter Hertling. Cham: Springer International Publishing, pp. 29-69. DOTI:
10.1007/978-3-030-59234-9_2.

[3 lllanes, A. (2025). Continuum theory. Springer Cham.

[d Weihrauch, K. (1993). “Computability on computable metric spaces”. In: Theoretical
Computer Science 113, pp. 191-210.


https://doi.org/10.1007/978-3-030-59234-9_2

	References

