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Introduction

We look at a naturally interesting problem, which is the lllumination problem. Given a
light source (not a fixed ray), we inquire whether a specific point is illuminated. In
other words, does some ray from the source reach the target?

= other people - looked at this problem before

= we look at the complexity aspect in specific settings
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Related Works

= Penrose et.al [Penrose1958]

= illumination problem - enclosed regions
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Related Works

= Penrose et.al [Penrose1958]

= illumination problem - enclosed regions
= curved (elliptic and straight) surface - light source cannot illuminate all points within

= Aronov et.al [Aronov1998]

= an exponential time bounded algorithm

= given an n-sided polygon with mirrored walls, light source

= compute the entire region illuminated after k reflections and all the corresponding
reflection paths

= [llumination problem - exponential complexity for a linear number of reflections
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Problem Definition

Definition (The lllumination Problem)

We consider the lllumination problem as the question, whether a ray can be emitted
from a source point, that reaches a given target point, while passing or being reflected
by a given set of mirrors.



Problem Definition

Definition (The lllumination Problem)

We consider the lllumination problem as the question, whether a ray can be emitted
from a source point, that reaches a given target point, while passing or being reflected
by a given set of mirrors. We may limit the number t of reflections the rays needs to
reach the target for this problem and call this variant t-bounded Illumination.



Mirrors and Reflections |

<L

Az
A Ar
mirror = 1-simplex, A; Az mirror = 2-simplex, the triangle, A;A>As
= Each mirror is a k-simplex, L; = (Aj;1,...,Ajk+1) with rational coordinates, lying in a hyperplane of

(k+1)-space.

= Given a k-dimensional simplex in k + 1-dimensional space we can determine an orthogonal vector i, for
the k-dimensional hyperplane given by the vectors V; of the simplex, by solving the k equations for
i€ 1.,k

= All vectors, Vi = AjA;+1 from A; to Ajyj for i € 1,...,k are linearly independent



Mirrors and Reflections 1|

= coordinates of the points Ay, ..., A1 are given by quotients of binary or integer numbers (for both the
numerator and denominator)

= we determine the coordinates of & in polynomial time
= the representation of these coordinates require at most polynomial space.
= We have, V; - u = 0 where V; - u denote the inner product of & and V; .

= In the case of k-dimensional simple, merging or splitting mirrors, we assume that i also determines the
direction in which the reflection occurs.



Reflection formulae |

= If we assume that the k-dimension hyperplane L; = (Aj;1,..., A k1) with an orthogonal vector &
includes the origin, then the simple reflection S’ of a point S can be determined by

-

s = s5-205 4

uj - uj



Reflection formulae |

If we assume that the k-dimension hyperplane L; = (Aj;1,..., A k1) with an orthogonal vector ;
includes the origin, then the simple reflection S’ of a point S can be determined by

-

uj.

s — g _pliS

P

uj - uj

If the origin is not a point of the hyperplane then we have to shift the coordinate system before and after
the reflection by a point of the simplex, e.g.

i (S —A: g -S g - A
S = [(S—Ai,l)—zw'ﬁi +AL = S-2- 22 g2 g,
uj - uj uj - uj uj - uj



Reflection formulae |11

= Let

uj

2 R 2.0 - Al
- Ui and = ——=-

Uj= ——— Erp—
uj - Uj uj - uj

denote two scaled versions of the vector 4j, and for simplifications we will assume that both vectors are
also part of the simplex description, then

S = S—(ui-S) -+ in. (1)

= To determine whether the reflection of the point S is possible, i.e. it is located at the correct side of the
hyperplane defined by the mirror, we have only to verify whether

—
S'S.u > 0. )

= To get the new direction of the ray after the reflection we determine an additional point on the ray, e.g.
H = S + 7, then we determine the reflected position H’ of H by using Equation (1). Finally the new
direction 7’ of the ray after the reflection will be

e
7= S'H. (3)

10



Intersection point

= We could determine also the intersection point P of the ray with the mirror. For this we have to find the

values ci, ..., ck, Ck41 such that
k
—> -
Z G- AitAij = k1 T = 0 4)
j=1
Then we get the intersection point
P = Ck+1 . F (5)
To test whether the intersection point is within the mirror, we have to verify that
Vjie{l,...,k}: ¢ €[0..1]. (6)

11



Iterating over virtual sources

= For every reflection the number of bits of the numerators and denominators increase by a value at most
linear in the input size.

= Hence, if the number of reflections - polynomial in the input size - the values remain polynomial in the
input size.

= Replace the relative source positions by the intersection points
= might double the length of the binary representation of the numerator, denominator with each reflection
= resulting in exponential large binary representations for a polynomial number of reflections.

= we should not iterate over the intersection points.

12



Ray Tracing as well as Non-determinism in the lllumination problem

= P : simple/full mirrors and merging mirrors, a polynomial number of reflections, Ray Tracing - solvable in
polynomial time.

= Sequence of mirrors the ray hits is deterministic.
= NP : add the splitting/one-way mirrors - a beam may or may not pass through a given mirror

= Nondeterministic branch point.

13



Ray Tracing as well as Non-determinism in the lllumination problem

= P : simple/full mirrors and merging mirrors, a polynomial number of reflections, Ray Tracing - solvable in
polynomial time.

= Sequence of mirrors the ray hits is deterministic.

= NP : add the splitting/one-way mirrors - a beam may or may not pass through a given mirror
= Nondeterministic branch point.

= For lllumination - source point, s and target point, t

= one of infinitely many light rays emitted from source - all directions

= guess combinatorial part - sequence of mirrors in bounded reflection

13



lHlumination Upper bound

— actual light ray path

virtual source (reflection)

P2

L3

Ly

Po

51

Ly
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52

Notation: P;_; denotes the hit point on mirror L;, and
Py = T. We write Rj(X) = X — (uj - X) tj + i1 for the
reflection of X at L;, and L; N XY for the point at
which the line through X and Y meets the simplex L;
Bounded illumination |
1. Guess a sequence Ly, ..., Ly of mirrors with
¢ <t ,andset Sp:=Sand P, :=T.
2. Fori=1,...,0let Sj:=R;(Si—1) be the image
of the source after the first i reflections.
3. Fori=4¢,6—1,...,1let Pi_1 := L; N S;P;, and
reject if this point is undefined or if some simplex
L; blocks the direct connection from P;_; to P;.
4. Accept if no simplex blocks the direct connection
from S to Py, and reject otherwise.

14



lHlumination Upper bound

actual light ray path

virtual source (reflection)

virtual target (reflection)

L3

L

T2
P

T

T;:P/

Po

L

To

Bounded illumination Il

1.

Guess a sequence Ly, ..., Ly of mirrors with
<t ,andset So:=S, Ty:=T and Py :=T.
Fori=1,...,¢reject if G; - (Sj—1 — A1) <0, i.e.
if S;_1 lies on the non-reflective side of L;;
otherwise let S; := R;(Si—1).
Fori=4£¢—1,£—2,...,0 reject if T;y1 lies on
the non-reflective side of L;;1; otherwise let

Ti = Rit1(Tit1)-

For every i € {1,..., ¢}, independently and in any
order, let Pi_1 := L; N S; T;, and reject if this
point is undefined.

Reject if for some i a simplex L; blocks the direct
connection from P;_1 to P;.

Accept if no simplex blocks the direct connection
from S to Py, and reject otherwise.

14



lllumination Upper Bound - Summary

= |f bouncing points depend on each other -

= the numerator and denominator bit lengths - double in each step
= O(2°)-size numbers after ¢ reflections.
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lllumination Upper Bound - Summary

= |f bouncing points depend on each other -

= the numerator and denominator bit lengths - double in each step
= O(2°)-size numbers after ¢ reflections.

= Only chained quantities are S; and T;

= rational mirror data independent of the point being reflected
= results in purely additive bit growth.

15



Polynomially bounded [llumination is in NP for polynomial dimensions in the context
of full plane, one-way merging, one-way splitting as well as one-way mirrors for

polynomial number of reflections.

a) b)
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lllumination Lower Bound - Case | - Exponential Reflections
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The encoding process |
., Xpn and a target integer B. We

We start with a Subset Sum instance: weights xi, ..

ask whether some subset X’ C {1,..., n} satisfies
Z Xj = B.
iex

The reduction turns each weight x; into a small angle

5. - s Xj

b 24 ZI XI-’
and turns the target B into a corresponding angle
B

§= .

24 i xi

18



The encoding process |l

. s .
We have this common constant ————, and therefore an equivalence:
d xi=B <= Y &=
iex’ iex’

So the subset sums to B and the corresponding angles sum to ¢ are both equivalent

19



Example encoding |

X ={1,2,4}, B = 3. Subset Sum question: given weights x; = 1, xo = 2, x3 = 4 and target
B = 3, is there a subset X’ C {1,2,3} (which are the indices of the elements of X) whose
weights sum to exactly B? Enumerate all 23 = 8 subsets -

X' sum | B=37
0 0 no
{1} 1 no
{2} 2 no
{3} 4 no
{1,2} 3 yes
{1,3} 5 no
{2,3} 6 no
(1,2,3} | 7 no

target if and only if such a subset exists - meaning that the target will be illuminated, and the
beam that reaches the target is precisely the one corresponding to picking elements 1 and 2. 20



Example encoding Il
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The angular encoding |

The elements of X can't be used as is, but need to be turned into angles. The paper

defines
T X o B

&=

With 37, x; = 1 +2+4 =7, and measuring everything in units of 1= (since

T 1 _
7 ° 7 = 16g) We get:

&=1, &=2 &=4, 06=3 (all in units of 1£5).

establishing equivalence :

ZX,':B < Zf;:&

ieX’ iex’

22



The angular encoding Il

m G+ 6H=142=3=0.
= which subset of angles sums to 67
= exactly the same answer, i.e, {1,2}

23



The angular encoding Il

= £1+§221—|—2:3I(5
= which subset of angles sums to 67
= exactly the same answer, i.e, {1,2}

™
= - small enough

= all angles satisfy the geometric bounds in the proof (i.e, the w/4 to 7/3 window)
holds.

» guarantees ) ;& < 72

= keeps beam’s cumulative deflection small and controlled.

23



Exponentially many reflections

= The cone must be wide enough at every stage

= Each cone to expand its horizontal width from 1 up to (at least) 5 units before reaching the next tilted
mirror.

= 5 comes from the beam-spread bound

5

2hmax cot(m/6) = 2v/3 hmax < <5, using hmax <

Wl

= To make the cone wider - how far back the virtual source appears to be at stage i - via Thales's theorem
on the widening triangle of the cone -

b; =5bj_1 + 5¢
where c is a small constant.

= Each stage multiplies the previous distance by 5. Starting from by, after n stages one obtains

bn s by -5" € by - 290N,

24



Theorem I

Illumination in 2D with simple plane mirrors is NP-hard,if we allow exponentially many
reflections.

a)>/
>\
sy
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Hlumination lower bound - Case

Il - Linear reflections

relative
mirrored & S;
source s | <1
i 7 5 &
position X\T —£ - i
JEE S
1 dia = 5., Liai f
P - dais i2i
: Lo
L 3| diy | Dj»
t I - Lia
s 5
: Fi
3
1<e "
T+e—¢ /6

26



The local shrinking strategy

Concretely, for the sub-construction S; handling tilted mirror &;:

= The tilted mirror’s horizontal footprint is shrunk from 1 down to
fi=27%,
so its height contribution becomes
1
9 = 57 tan(¢;)

instead of g; = tan(&;)

= The active sub-tube height near &; is likewise shrunk to 272/,

27



The shrinking footprints

In this new gadget, the tilted mirror for element i has horizontal footprint
o
For our three elements from the example:

_n—2_ 1 __ _ =4 _ 1 __ _ =6 _ 1
fA=2"2=1=025 H=2""=L1=00625  f,=2"°=2 ~0.0156.

= the local sub-tube height near mirror &; is shrunk to the same scale 2~

28



The shrinking footprints

In this new gadget, the tilted mirror for element i has horizontal footprint

f;' — 2721'.

For our three elements from the example:

_n—2_ 1 __ _ =4 _ 1 __ _ =6 _ 1
fA=2"2=1=025 H=2""=L1=00625  f,=2"°=2 ~0.0156.

= the local sub-tube height near mirror &; is shrunk to the same scale 2~
the stage-boxes S1, Sz, S3 progressively shorter - the whole apparatus telescoping downward in scale as

one moves right
shrinking the footprint - shrinks the mirror’s height contribution: instead of g; = tan(¢;) - we get

i = 57 tan(&;)

28



Example encoding

Sy @ 2i = 2 lines, sub-tube : 1, 3, 1 tilted mirror width, f, = 272

I
s,

Lo
Ly
— solid part of mirror
—— one-way merging mirror
— part A
S, 1 2i = 4 lines, sub-tube : 1, % , % , % ,1716 tilted mirror width, f, =274 part B
— tilted mirror
&
2.4
23
N Loo
= Ly1

29



Why each line costs only a constant number of reflections ?

= lengths of these mirror segments chosen relative to the local shrunk scale

» set dij = 26—J

= beam entering sub-tube D;; - at least a constant number ¢ of double-reflections
before exiting, regardless of i

= the number of reflections within any single line L;; - bounded by a constant

= compute this bound explicitly as

d"’f2j+12 < 26v3+412 < 123.

Sl

30



Counting the total reflections

= stage S; has 2/ lines, each costing < 123 reflections, plus a couple of extra for the
top-most tube

= we bound S; at 123 - (2/ + 2) reflections.

= summing over all stages i =1,..., n:

En:123(2i+2) = 123 (2"7(”2+1)+2n> = 123(n* +3n) = O(n?).

i=1

31



Why O(n?) counts as NP

= use ©(n?) mirrors (each stage S; needs ©(i) mirror lines, summing to ©(n?)),it
uses ©(n?) reflections.

= number of reflections is polynomial in the size of the mirror system
= O(n?) reflections is certainly polynomial in the input

= property that matters for landing in the NP membership

32



Theorem Il

The Linear bounded lllumination problem using full plane mirrors and one-way merging
mirrors is NP-hard (NP-Complete) for two dimensions and linear number of reflections.

> b) >/
. NG

a)

83



Conclusion

= Summary of Results :
[llumination | Dimensions | Type of | Number of
complexity mirrors reflections
NP 1 a, b, c,d | polynomial
NP-Hard 2 a exponential
NP-Hard 2 a+b linear

34



Future Work

= considered the lllumination in 2D, for non-enclosed spaces

= explore if the lower/upper bound results hold with linear or exponential number of reflections - for
enclosed spaces

= In [fsttcs], introduce and investigate the computational complexity - Pinball Wizard problem

= one-way gates (outswing doors), plane walls, parabolic walls, moving plane walls, and bumpers that cause
acceleration or deceleration.

= the initial position and velocity of the pinball, the task is to decide - it will hit a specified target point.
= whether for other complex gadgets ?

= also using the ABCD model from [ABCDIensmirror]

85
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Pre-requisites

= k-dimensional simplex is a generalisation of a triangle from 2 dimensions to k dimensions

= Each mirror is a k-simplex, L; = (Aj1,...,Ajk+1) with rational coordinates, lying in a hyperplane of
(k+1)-space.

= Given a k-dimensional simplex in k 4+ 1-dimensional space we can determine an orthogonal vector i, for
the k-dimensional hyperplane given by the vectors V; of the simplex, by solving the k equations for
i€ 1,..,k

= All vectors, V; = AjA;+1 from A; to Ay for i € 1,...,k are linearly independent

= in our setting, the coordinates of the points Ay, ..., A4 are given by quotients of binary or integer
numbers (for both the numerator and denominator), then we can determine the coordinates of 7 in
polynomial time, and the representation of these coordinates require at most polynomial space.

= We have, V; - u = 0 where V; - u denote the inner product of & and V; .

= In the case of k-dimensional simple, merging or splitting mirrors, we assume that i also determines the
direction in which the reflection occurs.

= Now we define a reflection of a point S. For a k 4+ 1-dimension we define the reflection on mirror given by
a k-dimensional simplex by using the simple reflection on the corresponding k-dimension hyperplane.

38



Reflection formulae

If we assume that the k-dimension hyperplane L; = (Aj;1,..., A k1) with an orthogonal vector &j
includes the origin, then the simple reflection S’ of a point S can be determined by

gi-S

uj - uj

-

uj.

F = 85=2

If the origin is not a point of the hyperplane then we have to shift the coordinate system before and after
the reflection by a point of the simplex, e.g.

G- (S— A b-S b - A
S = [(S—A,-,l)—zw-a, YA =S—2. 202 gy A0y
uj - uj uj - uj uj - uj

39



Let
2 R 2. L7,‘ o A;’l

- uj and Ui = ———— - uj

Uj = ——— =
uj - uj uj - uj

denote two scaled versions of the vector d;, and for simplifications we will assume that both vectors are
also part of the simplex description, then

S/ZS*(U,'-S)~L7,'+Q,'. (7)

Recall that we assume that for k-dimensional simple, merging or splitting mirrors, i; also determines the
direction in which the reflection of the mirror occurs. To determine whether the reflection of the point S
is possible, i.e. it is located at the correct side of the hyperplane defined by the mirror, we have only to
verify whether

—
S'S-u; > 0. (8)

To get the new direction of the ray after the reflection, we can proceed as follows. First we determine an
additional point on the ray, e.g. H = S + F, then we determine the reflected position H’ of H. Finally the
new direction 7/ of the ray after the reflection will be

—
7= S'H. 9)
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In some applications it might be useful to determine also the intersection point P of the ray with the

mirror. For this we have to find the values ¢y, ..., ¢k, cky1 such that
k
[N R
E Cj ° A,’JA,‘J — Ck+1 r = 0
j=1

Then we get the intersection point
P = Ck+1 * F.

To test whether the intersection point is within the mirror, we have to verify that

Vie{1,...,k}: ¢ elo.1].

(10)

(11)

(12)
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For every reflection the number of bits of the numerators and denominators increase by a value at most
linear in the input size.

Hence, if the number of reflections - polynomial in the input size - the values remain polynomial in the
input size.

Replace the relative source positions by the intersection points - might double the length of the binary
representation of the numerator an the denominator with each reflection, resulting in exponential large
binary representations for a polynomial number of reflections.

Therefore, we should not iterate over the intersection points.
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