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Compositional products and diamonds

» We denote by

fxg

the by two problems f, g.
» For n € N we denote by

FInl— fy  w .
N—_——

n—times

the n of f by itself.
» Neumann and Pauly (2018) introduced the
fsf°

that captures the power of an arbitrary but finite number of
consecutive applications of f.
» Here we want to consider a new operator

f& = . . xfxf

that we call and that captures the power of an
infinite number of consecutive applications of f.



Motivation for considering inverse limits

v

Many algorithms on infinite objects are naturally described as
infinite loops.

For instance, a continuous (not necessarily uniquely solvable)
initial value problem can be solved on some open interval by
WKL.

With any further application of WKL the domain of the
solution can be expanded towards the maximal domain of
existence.

Hence, computing a maximal solution of such an initial value
problem is possible with the help of WKL (Smischliaew
2024).

But what is WKL>°?



Different types of loops X

» The operators can be seen as descriptions of different types of

loops:

operator ‘ loop

e infinite loop
e while loop
L pex FI7 | for loop



Different types of loops ;"

» The operators can be seen as descriptions of different types of
loops:

operator ‘ loop

e infinite loop
e while loop
L pex FI7 | for loop

» Which classes of problems are preserved under what kind of

loops?
class of problems | cone | for while inifinite parallel
computable id + + + +
finite mind-change computable Cy + + - —
non-deterministically computable | Cun + + + +
limit computable lim - — - +
Borel computable Cy + + + +
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Precise definitions

» For simplicity we only consider problems of type
f:C NN = NN,

» More general problems can be reduced to this case.

» Using a standard universal function U :C NN — N we can
define the

fxg:=({dxf)loUo (id x g).
» We define the foo.C NNV = NV of f by

F*(q0) == {(qo, g1, G2, ...) € N : (Vi) gis1 € Uo (id x f)(qi)}

where dom(f°°) consists of all gy € N" such that
» Ao :={qo} € dom(Uo (id x f)) and
» Aiy1:=Uo (id x f)(A;) € dom(U o (id x f)) for all j € N.



Inverse limits as operators

Proposition
f<wg = *<swg™.
The problem in proving this is that each loop has to compute the

program for the next loop. Technically, this can be handled by an
injective recursion theorem.

Theorem (Injective recursion theorem)

Let f :C C¢(C NN, NY) x NN — NN pe a computable function.
Then there is a total computable injection R : NN — NN such that

Ur(q)(P) = f(R.(q,p))

for all q,p € NV such that f(R,(q, p)) is defined.
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Examples of inverse limits

> LPO™ =w C =sw lim,
> LLPO™ =y K =aw WKL™® =4 WKL,
> 1im™ = J©@), where
I (p) = (p. P’ p",..).




Examples of inverse limits

» LPO™ =W CI%O =W Iim,
» LLPO™ =W KI%O =W WKL> =W WKL,
> 1im™ = J©), where

I (p) = (p. P’ p",..).

More generally we have

Proposition (Inverse limits and single-valuedness)

For F :C NN — NN we define F¥ :C NN — NN by
F“(p) = (p, (id x F)(p), F x F(p), F x F % F(p), ...)

for all p € NN and we obtain F>® =gy F¥.

Corollary

f — £°° is not a closure operator and neither identical to f — f°
nor to f — f, nor to f — fT.



Countable independent choice J

Theorem (B., de Brecht, Pauly 2012)
Let A,B C N" and let f, g be problems. Then

f<wCaand g<wCp = xg<wCaxs-



Countable independent choice

1

Theorem
Let AC NN and let f be a problem.

f <w Ca = > <w Cyn.

This can be proved as the independent choice theorem for finite
compositions (B., de Brecht, Pauly 2012).

Corollary

For every A C NV we obtain:
1. C/Oqo SW CAN and Ci\?\] =W CAN,
2. UCH <w UCyun and UCH =w UCyy,

Corollary

CC2’§ =sW C2N, CK% =sW CNN' UCK& =sW UCNN and
WKL™ = WKL.



Inverse limits and parallelized diamonds

Question

For which problems does fo =w > hold?

Proposition (Parallelization, inverse limits and diamonds)

1. f/o\o =sW foo'
2. fO < F® ifid <w f,
3. Fo<aw F®, ifid <w f.
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Inverse limits and parallelized diamonds ﬂ..‘

For which problems does fo = =w > hold?

Proposition (Parallelization, inverse limits and diamonds)

1. f/O\OESW foo,
2. FO <. F® ifid <w f,
3. FO < F®, ifid <y f.

Corollary (Inverse limits and single-valuedness)

,l—‘OO =w F¥ =sw Fo for single-valued F :C NY — N with
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Inverse limits of non-computability '1

NON® <yw NON*°.

» NON(p) :={qeN":gZrp}.

» NON® can be used to compute countable increasing chains of
Turing degrees (above the input).

» NON® can be used to compute one finite increasing chain of
Turing degrees above the input.

> I\I/OW> can be used to compute a sequence of finite chains of
Turing degrees of arbitrary length above the input.

» The latter can be deduced to the problem of computing a
countable infinite decreasing chain of Turing degrees above
the input.

» The intuition is that NON®® should not be reducible to the
latter.
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